ATE6003 - Optimization for Machine Learning The Chinese University of Hong Kong, Shenzhen

Name: Student ID: Scores:

ATE6003 Homework 1
Instructor: Xiaopeng Li Deadline: Feb 6

Notice: If you are trying to invoke a result outside of this course, then you should put a reference to it.
The questions with 1 star are easy, with 2 stars are medium, and with 3 stars are hard. Easy and medium
level of questions are likely to occur in the exams, while hard questions are not likely to occur in the exams.

1*. (15 points) Let f: R™ — R be a convex ¢-smooth function. Assume an optimal solution z* € arg min f
exists and denote f* := f(z*). Consider the following algorithm with initial points z_1 = x¢:

Tpy1 = T — oV f(zr) + Bl —xp—1), keEN,

Take B, = kiﬁ and oy, = 2% for k € N, where ag € (0,1//].

(a) (3 points) Let py = k(zy — xp—1) for all k € N. Prove that

Tyl + Dh1 = Tk + P — oV f(T).

(b) (10 points) For all k£ € N, show that the sequence
(2040k(f(fk—1) =)+ llzk + i — I*HZ)keN

is decreasing.
(¢) (2 points) Conclude that for all T' € N,
v o llwo —a*|P?
far) =1 < T+ 1

2**_ (15 points) Let f : R™ — R be convex and ¢-smooth. Assume an optimal solution z* € argmin f exists
and denote f* := f(z*). Consider gradient descent with backtrack line search, with parameters s > 0,
B€(0,1), 0 € (0,1): given 2°, for k =0,1,2,... set g := Vf(z*) and dj := —gi. Choose the smallest
integer my > 0 such that, with ay := sg™*,

Fla® + apdy) < f(a*) + oargy di, (1)
and then update zFt! = z* 4+ ay.d;.

(a) (6 points) Prove that the backtracking procedure terminates for every k, and that the accepted
step sizes satisfy the uniform lower bound

min{s,w(l_(j)}, Vk > 0.

ap > a: 7

(b) (5 points) Prove that for every k > 0,
1

* 1 *
fah) = fr < %ar (la" = a*|* = ™1 = 2 [%) + o (F(2%) = "),
(c) (4 points) Using parts (a)-(b), prove that there exists an explicit constant ¢ > 0 such that
Fah) =< o vk,
with 0 ) 0
A N O
20 20
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3**F* (20 points) Let A € R™*™ be symmetric positive definite (SPD) and consider

. Lt T
= —x Az —
min f(z) ¢ Az b'x,

whose unique minimizer is * = A~'h. Given zy € R", define the residual r; := b — Axy, the error
e = o — x*, and the Krylov subspace

Ki(A, 7o) := span{rg, Arg, ..., A¥ 1ry}. (2)

The Conjugate Gradient (CG) iterations (assume 7y # 0) are:

T
LT
k Tk
ro=b— Axg, po=r0, Q)= T, Tkl = Tkt oDk,
Py APk
3)
’I“T Tk+1
k+1
Tht1 =Tk — agApr,  Br+1 = T Pr+1 = Tkt1 + Brt1Pk-
kK

(a) (5 points) Let ¢p() := f(xx + apg). Show that the minimizer of ¢, satisfies

-
_ PpTk

., and hence pj 71 =0. (4)
Py Api B

(b) (5 points) Prove that zy € xg + K (A, ro) and r, € Kr11(A,10) for all k£ > 0.

(c) (5 points) Show that for all k& > 1, p/ 7, = 0. Conclude that for all k > 0, p)ry = ] ), and
therefore the line-search formula in (4) is consistent with the CG step size in (3).

(d) (5 points) You may use the following standard CG property without proof: the search directions
are A-conjugate, i.e., p; Ap; = 0, for all i # j. Using this fact together with parts (a)-(b), prove
that for all k > 1, r, L Kr(A, 7o), and conclude that r;'r; = 0 for all i # j.
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