ATE6003 - Optimization for Machine Learning The Chinese University of Hong Kong, Shenzhen

Name: Student ID: Scores:

ATE6003 Homework 1
Instructor: Xiaopeng Li Deadline: Feb 6

Notice: If you are trying to invoke a result outside of this course, then you should put a reference to it.
The questions with 1 star are easy, with 2 stars are medium, and with 3 stars are hard. Easy and medium
level of questions are likely to occur in the exams, while hard questions are not likely to occur in the exams.

1*. (15 points) Let f: R™ — R be a convex f-smooth function. Assume an optimal solution z* € arg min f
exists and denote f* := f(z*). Consider the following algorithm with initial points z_; = xq:

Tht1 = Tk — oszf(xk) + ﬁk(a:k — a:k_l), keN,

Take B, = ki” and oy, = 2% for k € N, where ag € (0,1//].

(a) (3 points) Let py = k(zr — xzp—1) for all k € N. Prove that

Tyl + Dhy1 = Tk + pr — oV f(T).

Solution: Using pp+1 = (k+ 1)(zk4+1 — k), formula of Bk, ay, and algorithm update, we have

Tet1 + Der1 = (B + 2)zpr1 — (K4 1)ag
T — Otov,f(l‘k) + k(l‘k — xk—l)
=2k + pr — oV (k).

(b) (10 points) For all k € N, show that the sequence

(2a0k(f(zr-1) = f*) + lox + pe = 27(*) 1oy

is decreasing.

Solution: From (a), we obtain

|kt + P — &[1* = [log + i — 2 + oGV f (@) |* = 2a0{zk +pr — ™, Vf (@)
= [lzk + i — 2| + g ||V f ()]
—2ap{xr — 2", Vf(zk)) — 2kao(xr — 25—1, Vf(zk))
< ek +pr — "> + o[V f () ||
— 200(zp — 2", V f(2k)) + 2kao(f (2x-1) — f(2k))
< ek +pr — a*[* + o[V f () ||

200 (F@0) = £27) + IV H@)IP ) + 2ho(f(oor) ~ flan)
Thus, we can conlude

2a0(k + 1)(f(xr) — f*) + [|ohr1 + prrr — 25|12 < 200k(f(wp—1) — f*) + |z + px — 2|
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(c) (2 points) Conclude that for all T € N,

oo llo —*|?
f(mT)_f Sm-

Solution: From (b), we have
200(k + 1) (f(zr) = f*) + lznss + prers — 27| < 2o — 27|,

This implies the desired result.

2** (15 points) Let f : R™ — R be convex and ¢-smooth. Assume an optimal solution z* € argmin f exists
and denote f* := f(x*). Consider gradient descent with backtrack line search, with parameters s > 0,
B €(0,1), 0 € (0,1): given 2°, for k =0,1,2,... set g := Vf(2*) and dj, := —gi. Choose the smallest
integer my, > 0 such that, with ay := sf™*,

F@F + ardr) < f(2) + oaungy dr, (1)

and then update 2**1 := zF + o dy,.

(a) (6 points) Prove that the backtracking procedure terminates for every k, and that the accepted
step sizes satisfy the uniform lower bound

min{s,%(l_a)}, Vk > 0.

g > a:

14

Solution: Fix k and write « := zk, g := gx = Vf(x), d := dx = —g. By the descent lemma,
14 14
flz+ad) < f(z) +aVf(z) d+ 5042\\d||2 = f(x) —algl* + 5042||9||2-

We want (1), i.e.
f(@+ad) < f(z)+oag'd = f(z) —oalg|*.

It suffices that p

—allgll* + 50llgll* < —oallgl?,
equivalently,
2(1-o0)
—
Hence, for any a € (0, @), the backtrack condition holds. Since the backtracking candidates are
s,86,88%,... and B € (0,1), there exists m large enough so that s3™ < @&, so the procedure
terminates.
For the lower bound: if s < @, then my = 0 and o = s > min{s,fa}. If s > &, then
minimality of m;, implies o = s8™* < & but s8™ 1 > @, so

on = Blsp™ ) > pa = 22020)

¢
§a2§(1—0)a — a<a:=

Combining both cases gives

26(1— o)

o > min{s, 7

}::a, Yk > 0.
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Finally, since g/ dx = —||gx||?, (1) yields
f(ps1) = flan + ardy) < flar) + oorgy de = flar) — oonllgel < fa),

so {f(x)} is nonincreasing.

(b) (5 points) Prove that for every k > 0,

1 1
f@®) = fr < 2 (l* =2 = [|l2** — 2*1%) + %(f(wk) = f@*h).
Solution: By convexity, for any k,
flar) = [ < Vi) (e —a%) = g (xx — 7). (2)

Next, use the update xx4+1 = xx — argr to expand the squared distance:

ks = a*|* = o — argr — «*|1 = o — 2*[|* — 20kg; (xx — 2*) + i llge]*.
Rearranging gives
1 g
gx (wp — 2%) = % (lze =211 = lwxsr = 2*1%) + - llgwll*. (3)
Moreover, (1) with di = —gg implies the sufficient decrease

I?

f(wrg1) < for) — oaglgr = apllgl® < %(f(fk) — f(@rt1))-

Substitute this bound into (3) and then into (2) to obtain

Fon) = £ < 5o (= "I = s = " ) + oo (Flan) = fons),

as required.

(¢) (4 points) Using parts (a)-(b), prove that there exists an explicit constant ¢ > 0 such that

Ja) s vk,

v 20— ) — f
xr — X ) —

€=y T

Solution: Let ej := f(zx) — f* > 0. From part (b) and oy > a (part (a)),

1 < oo (o = "I = llowss = 2*) + 5 (Flaw) = Flans).
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Sum this inequality from £ =0 to k = K — 1:

K1 | K- | K-l
€ S 5o (lzx = 2*I” = [lzgp — 2*]?) t5 f(@r+1))
k=0 < k=0 k:O
_ 1 * 12 *|2 1
= % (lwo — 2*[|* = lox —2*[) + 2U(f($0) f(zK))
lzo —2*|2  flxo) = f*
- 2a 20 o

Since part (a) showed f(zr+1) < f(xg), the sequence {e} is nonincreasing, hence

] K-l
LY 1
L
Therefore,
f(l‘K)—f*ZeKS% VK > 1,
_ ex||2 _fx
with ¢ — |ro—2"I%  flzo) = f*
2c 20

3**F* (20 points) Let A € R™*™ be symmetric positive definite (SPD) and consider

1
min  f(2):= 5o Av—bTa,

whose unique minimizer is z* = A~!'b. Given zy € R, define the residual r; := b — Axy, the error

er = r — x*, and the Krylov subspace

Ki(A, 7o) := span{rg, Arg, ..., A¥ 1ry}. (4)
The Conjugate Gradient (CG) iterations (assume rj # 0) are:
’I";Tk
ro=b— Axg, po=r0, Qx=-F—, Tkt1 = Tk + Pk,
Dy Apy, (5)
Tl—cr+17"k+1
Tht1 =Tk — QgApk,  Brk+1= —5——, DPk+1 = Tht+1 + Bk+1DPk-
Tr Tk
(a) (5 points) Let ¢p(«) := f(xx + apg). Show that the minimizer of ¢ satisfies
T
ap = Z;kf:k ., and hence pj 7y =0. (6)
Dy APk
Solution: Fix k and define ¢ (a) = f(xx + api). Using the formula of f,
or(@) = L(zp + apr) T Az, + apr) — b (vk + apy).
Differentiate:
(@) = pg Ay, + apy) — b pr
= py (Azy — b) + ap} Apy,
= —pj. Tk + apy Apy.
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Since A = 0 and py, # 0, we have p; Apy, > 0, hence the unique minimizer is given by ¢} (o) = 0:

PkT-Tk
i Api’

Qp =

which proves the first identity in (6). Next, using rg4+1 = b — Axgy1 and xg 1 = xp + i,
The1 = b — A(xy, + agpr) = 1 — . Apy.
Therefore

pz Tk
PR Apr

PR Thi1 = Pp Tk — QPp Apr = DpTh — P Apg = 0.

(5 points) Prove that zj € z¢ + Kr(A,ro) and i, € Ki1(A, 1) for all & > 0.

Solution: We first record two closure properties of Krylov subspaces:
Kr(A,r0) C Krr1(A,10), AKk(A,10) C Krr1(A,70). (7)
The first is immediate from (4). For the second, if v = Zf;é cjAry € Kg, then Av =
25;3 chj+1r0 € Kr+1. We prove by induction that rp € Kiy1 and xp € 29 + K.
e Base: rg € K1 by definition; and zg € xq + Ko.

e Inductive step: assume rp € Kgi1 and zp € zg + Kx. We also show pr € Kry1 by
induction: pg = rg € K15 and if ry € K1 and pr_1 € K, then pr = rg + Brpr—1 € Ki41.
Thus zp1 = = + axpr € To + Kk+1.

For the residual, using rg4+1 = 7 — apApk and p € Ki41, we have Apy € Kiyo by (7). Also
Tk € K41 C Kigo, hence rg11 € Kgyo. This completes the induction.

(c) (5 points) Show that for all k > 1, p/_,r, = 0. Conclude that for all k& > 0, pJry = 7] rg, and

therefore the line-search formula in (6) is consistent with the CG step size in (5).

Solution: For k > 1, apply part (a) with index k — 1 to obtain p] ;7 = 0. Next, using the
recursion py = rg + Bkpr—1 (for k > 1), we have

T T T T
PeTh =T, Tk + Bk Dp—_ 1Tk = Tk Tk-

(For k =0, pg = 79, so the identity holds trivially.)

Substituting p/ rx = rj] r) into (6) yields

T T
Pk  TiTk

A = - 5
piApe  pl Apk

which matches the formula in (5).

(d) (5 points) You may use the following standard CG property without proof: the search directions

are A-conjugate, i.e., p;] Ap; = 0, for all i # j. Using this fact together with parts (a)-(b), prove
that for all k > 1, r, L K(A,ro), and conclude that r,'r; = 0 for all i # j.
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Solution: We prove by induction that p] ry = 0 for all 0 < i < k— 1. Base k = 1: by part (a),
pgrl = 0. Inductive step: assume p;'—rk =0forall 0 <i<k—1. Using rg+1 = . — apApg,
for any i < k—1,

pi rieer =i i — awp Apr =00 =0,
where we used the induction hypothesis and the given A-conjugacy. Also, part (a) gives
pi k41 = 0. Hence rg11 L span{po, ..., pr}.
By part (b), p; € Kix1(A,r9) C Ki(A,rg) for ¢ = 0,...,k — 1, so span{po,...,pk—1} C
Kr(A,1g). The A-conjugacy implies py, ..., pr—1 are linearly independent, hence

dim(span{po, ..., pk—1}) = k.
Since Ky (A, rg) is spanned by k vectors, dim(Ky(A,r9)) < k, so
Ki(A,r0) = span{po, . .., pr—1}-

Thus, we obtain ry L Kg(A, o).
Fix i < j. By part (b), r; € Kiy1(A4, 1) C K;(A4, 7). Since r; L K;(A4,ry), we get rori = 0.
By symmetry, r;'r; = 0 for all i # j.
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