ATE6003 - Optimization for Machine Learning The Chinese University of Hong Kong, Shenzhen

Name:

Student ID: Scores:

ATE6003 Homework 3
Instructor: Xiaopeng Li Deadline: April 12

Notice: If you are trying to invoke a result outside of this course, then you should put a reference to it.
The questions with 1 star are easy, with 2 stars are medium, and with 3 stars are hard. Easy and medium
level of questions are likely to occur in the exams, while hard questions are not likely to occur in the exams.

1*. (14 points) This problem studies why Adam can be faster than GD on block-heterogeneous quadratic
problems. Consider the Adam special case with 81 = 0, 82 = 1, ¢ = 0, and no bias correction. In this
case, Adam uses the fixed diagonal preconditioner and the update is

Wt =w' —aDg 'V f(w'), Do = diag(|Vf(w’))),

where | - | denotes entry-wise absolute value.
(a) (7 points) Let 0 <ay <ag <---<ay, k:= 2 and

ay

L
1
flw) =5 adlwell3,  w=(w,...,we), weR™
2 (=1

Assume every coordinate of w® equals +1 or —1. Prove that the GD with constant step size 7 > 0

converges iff 0 < n < 2/ay, and the best constant stepsize is n* = ﬁ, with exact contraction
factor of the iterates p&p = Z—ﬁ Next, prove that Adam converges iff 0 < o < 2, with exact
contraction factor padam = |1 — «, which is independent of k. Explain in one sentence why this
shows acceleration of Adam over GD on this model.
Solution: The unique minimizer is w* = 0 and V f(w) = (ayw1, - ..,arwyr), so the GD update
becomes, block by block,
witt = wh — nagw) = (1 — nag)w}, ¢=1,...,L.

Hence w! = (1 — nay)'w). Therefore GD converges if and only if |1 — nay| < 1 for all ¢, i.e.,

0<n< % The contraction factor of the iterates is
pon(n) = max |1 — o] = max{[1 — naa, |1~ nas}.

2
aitar”

because ag € [a1,ar] and a — |1 — nal is convex. It is easy to see the optimal n* =
Substituting this into the above expression gives

ay — ay k—1
* = 1— * = 1— * = —— = .
pGp = L =n"ai| = |1 —n"aL| R —

Now consider Adam. Since every coordinate of w® equals +1 or —1,
IVF(w®)| = (a114,,...,ar1lq,), and Dy =diag(aily,,...,arly,)
Therefore Dy 'V f(w!) = (w},...,w}) = w' and Adam update becomes
W = w' — aw' = (1 - a)w,
so w! = (1 — a)'w®. Thus Adam converges if and only if |1 — a| < 1 or equivalently, 0 < o < 2.
Its exact contraction factor is padam = |1 — «|. This factor is independent of .
Finally, GD needs O(xlog(1/¢)) iterations to reduce the error by a factor €, while this Adam

special case needs only O(log(1/¢)) iterations; thus Adam removes the dependence on the global
heterogeneity parameter x on this model.
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(b) (7 points) Let w € R?, partitioned into three blocks w1, ws, w3 € R3. Define

_ !

2wTva H = diag(HlaH27H3)v Hf - QZAIZQz—a

fw)

where each @, € R3*3 is an orthogonal matrix obtained from the QR factorization of a Gaussian
random matrix. Use the same @)1, @2, @3 in both cases.

Case H:

Ay = diag(1,2,3), Ay = diag(99,100,101), Az = diag(4998, 4999, 5000).
Case M:

Ay = diag(1,99,4998), Ay = diag(2,100,4999), A3 = diag(3,101, 5000).

Use the same random initialization w® ~ N(0, Iy) for both methods in each case. Run GD and
Adam in part (a), with the best n and a you can find. Compare the convergence of the two
algorithms numerically and briefly explain why the gap between GD and Adam is much larger in
Case H than in Case M, even though the two problems have the same condition number.

Solution: A correct numerical experiment should show the following qualitative pattern.

e In Case H, Adam decreases ||V f(w')||2 much faster than GD.

e In Case M, the gap between GD and Adam is much smaller.
In Case H each block has a very different spectral scale:
{1,2,3}, {99, 100, 101}, {4998, 4999, 5000},

so one single GD stepsize must be chosen conservatively for the hardest block, which slows down
the other blocks. By contrast, Adam uses the diagonal preconditioner D 1 which rescales
coordinates and handles the heterogeneous blocks much better.

In Case M, the same eigenvalues are redistributed across the three blocks:
{1,99,4998}, {2,100, 4999}, {3,101, 5000},

so the blocks are much more similar to each other. Therefore one global GD stepsize is no
longer as badly bottlenecked, and GD becomes much closer to Adam.

Hence the difference between the two cases cannot be explained by the full condition number
alone; it is the block heterogeneity that explains why GD is much worse than Adam in Case H.

2**_ (16 points) Consider the minimum-variance portfolio problem

1
min izTEx st oplz>r, 1Tz=1 x>0

TER™

) )

where 3 > 0, u € R™, and r > 0. Assume there exists a strictly feasible portfolio Z such that
z>0, 17z =1, w'z >

(a) (4 points) Write the problem in the form
min f(x) s.t. x €, Axr =0,

and identify f, Q, A, b. Also write  as a polyhedron Q = {z : Cz < d}. Using the normal-cone
formula from the lecture, write Nq(x) explicitly.
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Solution: We set f(z) = 42'%z, Q={z €R":pTz>r, 2 >0}, A=1T, and b = 1. Thus

the problem has the desired form. We can also write €2 as a polyhedron Q = {z : Cz < d} with
T
Y _ [T
() ()
By the normal-cone formula for a polyhedron,
No(z) ={C"v: v >0, v;(Cjz —d;) = 0}.
Writing v = (a, 8), where o € R and 8 € R", we obtain

NQ(x):{—a,u—ﬁ OKZO, ﬁzoa Oé(/.LTJf—T):O, ﬁlZ‘Z:OV’L}

(b) (4 points) Using the optimality condition
—Vf(z*) — ATX* € Nq(z*),
derive the full KKT system for this problem.

Solution: Since Vf(z) = Y, the optimality condition —V f(2*) — ATA* € Nq(x*) becomes
—Xz* — A*1 € Nq(z").
Using part (a), there exist a* > 0 and * > 0 such that
=Yzt = AN1=—-a"u—p".

Therefore the full KKT system is

Yr*+ N1l —a*u—p*=0,

172" =1,

MT *77,,

x* ,

* * T,.% _ _
a*>0, a*(uTet—r) =0,

p* >0, Bixzy =0, i=1,...,n.

(¢) (4 points) Form the Lagrangian and derive the dual function g(«, A, 8), where « > 0, A € R, 5 > 0.
State the dual problem. Explain why every dual feasible point gives a lower bound on the primal
optimum, and use the strict-feasibility assumption to conclude strong duality.

Solution: The Lagrangian is
1
Lz, a,\ B) = ixTEx +afr—p'z)+ X1z —-1)- 8"z,

where a > 0, A € R, and 8 > 0. To compute the dual function, minimize over z. The
stationarity condition is

vcc‘c(wvaa )‘75) =Xz _au+)‘1 _ﬁ =0 = {E(Oé,)\,ﬂ) = E_l(aﬂ — Al +5)
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Substituting this into the Lagrangian gives
1
q(a, N\, B8) = —i(oz,u — M+ Y ap— A1+ 8) +ar— A
Hence the dual problem is

1 Ty—1
oo, X —i(au—)\l—i—ﬂ) Y ap— AL+ 8) +ar— A

For every primal feasible z and dual feasible (a, A, 8), we have L(x,a, A, 8) < f(z), because
r—p'2<0,1T2—1=0, —2 <0, and «, 3 > 0. Therefore

q<aa)‘76> = lI;f;C(Z,OQA,B) S £($,Q,A,B) S f(l‘)

Taking the supremum over dual feasible variables and the infimum over primal feasible x yields
weak duality d* < p*. Finally, the strict feasibility assumption is exactly Slater’s condition.
Since the primal problem is convex, Slater’s condition implies strong duality d* = p*.

(d) (4 points) Now consider

6 9
¥ = diag(2,1,3), pw=141, r=—.
9 2

Assume the optimal solution satisfies 7 > 0 for all ¢ and pu'x* = r. Under this assumption, solve
the KKT system and find z*, a*, and \*.

Solution: Under the assumption x} > 0 for all 4, complementary slackness gives 8* = 0. Under
the assumption g ' 2* = r, the return constraint is active. Thus the KKT system reduces to

Y+ A1 —a*pu =0, 172" =1, /LT{E*:T:g.
The stationarity equations are
2x1 + A — 6a =0, o+ A —4a =0, 3x3+ A —2a=0.

Hence
20—\
.

x1=30¢—%, T = 4o — A, T3 =

Using z1 + 22 + 23 = 1, we get
30— 5 +da— A+ 242 =1 = 460 — 11\ =6.

Using 621 + 4x5 + 223 = %, we get

6(3a — ) +4(da — \) +2(2272) = § = 21200 — 46) = 27.

. . . _ 7 _ 5 . .
Solving these two equations gives a* = =5 and A\* = —z%. Substituting back,
71/ 5 13 7 5 19 225—(-35) _ 1
*—3. L _1(2) =12 oy L (=2 =21 *_ 272 367 L1
w1 =3 753 —3(-%) =3 w2=45-(-%)=3% = 3 =9

Page 4



ATE6003 - Optimization for Machine Learning The Chinese University of Hong Kong, Shenzhen

3***_ (20 points) For a fixed p > 0 consider the nonnegative Lasso problem (barrier version)

. 2 T -
,Inin §||Ax—b||2+*yl J;—uZlogxi.

++ i=1

(Py)

Introduce a positive dummy variable y € R’} , and rewrite (P,) as

i 1. —y =0,
pertille, f(@)+g(y) s r—y

where

1 n
fla)=glAz=bl3,  g)="1Ty—p) logy;
=1

Let 8 > 0 be the penalty parameter in the augmented Lagrangian and u be the scaled dual variable.

(a) (5 points) Write down the augmented Lagrangian for the above problem, and then write the ADMM
update in scaled form, with the z-update and the y-update in closed form, that is, do not leave

arg min in the update.

Solution: The unscaled augmented Lagrangian is

i=1
Let u = A\/f be the scaled dual variable. Then the scaled ADMM iteration is

oM+ = argmin, 1Az — b3 + 2@ — yF + uF|3,

Y"1 = argmingern y1Ty — p X logys + 5l —y + w3,
uk L = b g gkl gk

k+1

For the z-update, the first-order condition gives
AT (AZ*TE —b) + (2" — ¢ +uF) = 0.

Hence
"= (ATA+ BN YA b+ B(F — ub)).

For the y-update, let v* := 2F*1 4 u*. Then the problem is separable:

. B
y* 1 = arg min {vyi — plogy; + = (yi —vf)? 5.
y; >0 2

The first-order condition is

7—5+6(yi—vf)=0 = By} +(v—Bvf)y; —pu=0.

K2

Taking the unique positive root, we obtain

1 " B
Lo(w,y:A) = 5l Az =Bl + 91Ty — Y logy + ATz —y) + Sl — w5
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(b) (5 points) Let rF+1 .= zF+1 — ¢F+1 Show that the ADMM iterates satisfy
V@) + But T+ B =) =0, Vg(ytt) - Buttt = 0.
Show also that any KKT point (z*,y*,u*) of the split problem satisfies
V() + pu* =0, Vg(y*) — Bu* =0, x* =y

Finally, show (y**1 —y*)Trk*+1 >0 for all k > 1.

Solution: Recall that 7#*1 := 2*+1 — yk*+1 From the x-subproblem,
0= V(") + g™ — o +ub).

k1 _ yk+1 we have

Using dual update vt = v* + z
RV I S S B

Therefore, V f(xF1) + puk*! 4+ B(y*+! — y*¥) = 0. From the y-subproblem,
0= Vg(y**!) — B! — "+ 4 k),

similarly by using dual update, we get Vg(y**1) — fuf*! = 0. Now let (z*,y*,u*) be any KKT
point of the split problem. Then stationarity and feasibility give

Vf(x*) + Bu* =0, Vy(y*) — Bu* =0, r* =y
Finally, for k£ > 1, from the second identity above we have
Vot = puttt, Vg(yh) = put.
Since g is convex and differentiable, Vg is monotone, so
0< (" =) T (Vo) = Vg(y")) = B — ) T (W™ —ub).

But uF+! — u* = 75+1 hence (y*t! — y*) TrF+l >0 for k> 1.

(¢) (5 points) Let (z*,y*,u*) be any KKT point and define
VE = Blluf — |3+ Blly* — v Il5.
Use part (b) and the monotonicity of Vf and Vg to prove the descent estimate

VIR < VR = Bllaf Tt — S = Bl T -t k>

Solution: Since f is convex and differentiable, V f is monotone. Therefore
0 < (@ =) (V") = Vf(").

Using part (b),

SO
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Similarly, since g is convex and differentiable, Vg is monotone:
0< (" —y) T (Va(y**) = Valy)).

Using part (b),
Vgt = puftt,  Vg(y*) = pu,

hence
0< B —y) T (W —w). (2)

Adding (1) and (2), and using z* = y*, gives
—BTk+1T(uk+1 _ ’U,*) _ B(ka _ y*)T(yk+1 _ yk) > ﬂTk+1T(yk+1 _ yk)7 (3)

k+1 k+1

where rF+1 = gk+1 — yk+1 - Compute
VE VI = B[l — w3 = (WP =t 13) + BT = yrlE =y = yrl13).
Using uf*1 — u¥ = r¥*1 and [ja|| — ||b]|3 = —2bT (b — a) + |la — b||2, we obtain
VE VR = 28t — o) Trk L —28(yF ) Ty — k) 4 Bl m 13 + BllyR T — |13
By (3) and part (b),

V<V 2 0T ) 4 B 4 B o
> Bllr* T + Byt — "3

(d) (5 p*oints) Show that (P,) has a unique minimizer z% € R}, . Let y% = x}, u}, == f7'(y1 —

(%)~ "), where the inverse is taken componentwise. Use part (c) to prove that the ADMM iterates
converge, i.e., =¥ — T, yk — y;, and ub — (O

Solution: Define ®,, as the objective function of (P,). As any component z; | 0, the barrier
term —plog x; — +00, so ®,(x) — +o0o near the boundary of R} , . Also, as |z|2 — co with
x > 0, the linear term 71"z dominates the logarithmic term, so ®, () — +o0o0. Hence @,
attains a minimizer zj, € R} . In addition, for z € R} |,

V20, (z) = AT A+ p diag(z7?,...,2,2) = 0.

Thus @, is strictly convex on R’} |, so the minimizer z}, is unique.
The first-order optimality condition for ®,, is
AT(AJJ; —b)+1— M(J;;)fl = 0.
Hence
Vf(z},) + Bu;, =0, Vy(yy;) — Buy, =0, Ty =y
So (z},,y},, uy,) is a KKT point of the split problem.
Next, part (c) implies that for &k > 1, V¥ < V* 50 {V*} is decreasing and bounded below

by 0. Therefore {V*} converges, and in particular {u*} and {y*} are bounded.
Summing the descent estimate from k =1 to N, we get

N N
B e+ — g 13+ B3 [y — R < V- v <,
k=1 k=1
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Hence
o0 oo
ST =y <00, Y Il - b3 < .
k=1 k=1
Therefore zF+1 — y#*+1 — 0 and y*+! — % — 0. Since {¢*} is bounded, the sequence {z*} is

ki 7, 4% — g, and u* — @. Because

also bounded. Now take any convergent subsequence x
zFi — 9k — 0, we have Z = 7.
Also, from part (b),

Buttt = Vg(y* ) = 41 — p(y*)
Since {u*} is bounded, {(y*)~'} is bounded, so j € R" .

Passing to the limit in the identities from part (b), and using y**! — y* — 0, we obtain
Vi@ +pu=0, Vg(y)—-pu=0, =7

Thus (Z, g, @) is a KKT point of the split problem.

*
H’
determined by Buy, = Vg(y;,). Hence every cluster point of (x*,y*, u¥) must equal (7, Yy uy,)-

Since the whole sequence is bounded, it follows that 2% — xy, y* = yy,, and uf — (8

But the KKT point is unique: indeed zj, is unique, then y;; = zj,, and finally v}, is uniquely
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