ATE6003 - Optimization for Machine Learning The Chinese University of Hong Kong, Shenzhen

Name: Student ID: Scores:

ATE6003 Homework 4
Instructor: Xiaopeng Li Deadline: May 6

Notice: If you are trying to invoke a result outside of this course, then you should put a reference to it.
The questions with 1 star are easy, with 2 stars are medium, and with 3 stars are hard. Easy and medium
level of questions are likely to occur in the exams, while hard questions are not likely to occur in the exams.

1*. (15 points) Denote [m] := {1,...,m} for any positive integer m. Let
B.(1) :={X e R"" . | X« < 7}, 7> 0.
Throughout this problem, you may use without proof the result from our lecture slides.

(a) (4 points) Let A= couv', where ¢ > 0 and ||ul|z = ||v||2 = 1. Consider the fully observed problem

IX — All%.

1
min —
XeB.(r) 2

Show that the unique optimizer is X* = min{o, 7}uv .

Solution: Since A = guv | has singular values (o,0,...,0), the Euclidean projection of A onto
the nuclear-norm ball is obtained by projecting its singular-value vector onto the ¢; ball of
radius 7. Thus the projected singular values are (min{o,7},0,...,0), with the same singular
vectors. Therefore X* = min{o, 7} uv'. The objective X — 3||X — Al|% is strictly convex, so
this optimizer is unique.

(b) (4 points) Starting from Xy = 0, consider the following update. Set Sy := 7uv . Then choose the
scalar n* € [0, 1] that gives the smallest objective value along the segment from 0 to Sy:

1
n* € argmin =|[nSy — A%, X; :=n"So.
0<n<1 2

Show that n* = min{%, 1} and hence X; = X*. Conclude that, for this special rank-one fully
observed problem, this rank-one update solves the constrained problem in one iteration.

Solution: By the definition in the question, Sy = 7uv'. Since |uv'||p = 1, the one-
dimensional minimization problem is

min 1||77SO — Al|% = min 1||77Tuv—r —ouv' ||% = min 1(177' —0)%

0<n<1 2 0<n<1 2 0<n<1 2

The unconstrained minimizer is 7 = o /7. Restricting to [0, 1] gives 7* = min {Z,1}. Hence

T

.
ouv oc<rT .

X, =n*Sp =n*ruv’ = ’ = 7 =min{o,7}uv’ = X*.
TUY ', 0 >T,

So this rank-one update solves the special fully observed rank-one problem in one step.
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(¢) (3 points) Now return to matrix completion. Define Mo, = eleir and M, = %11—'—. Suppose
Q C [n] x [n] is sampled uniformly without replacement with |2] = m. Show that if (1,1) ¢ €,
then Po(Mcon) = 0. Conclude that on this event, no algorithm can distinguish M), from the zero
matrix using only the observations. Compute P((1,1) ¢ Q).

Solution: The coherent matrix M., = eje{ has only one nonzero entry, namely (Mcon)11 = 1.
Therefore, if (1,1) ¢ Q, all observed entries of Moy, are zero, so Po(Mcon) = 0. On this event,
the observations from M., are identical to the observations from the zero matrix. No algorithm
using only Po(M) can distinguish these two cases. Because € is a uniformly sampled subset of
size m from n? entries,

P((1,1) € Q) = % P((1,1) ¢ Q) =

(d) (4 points) Let n =40, 7 =1, and
1
FX) = LIPa(X Y)Y = Pa()

For each trial, sample the same index set 2 for both matrices, with m € {2n,4n,6n,8n}. Run
Frank-Wolfe from X, = 0 for 200 iterations with 7, = 2. If the gradient is zero, you may leave

+2
the iterate unchanged. Report the average relative error
[ X200 — M||r

1M ||

over 20 trials, and plot the average error versus m for both Mi,. and M,.,. Briefly explain why the
coherent case is much harder even though both matrices have rank 1 and nuclear norm 1.

Solution: The important thing is that if the gradient is zero, the iterate should be left un-
changed; otherwise a numerical SVD routine may return an arbitrary singular-vector pair for
the zero matrix and create an artificial movement.

For the coherent matrix, in expectation the final error is close to

m

P((l,l) ¢Q) = 1_ﬁ7

because if (1,1) is observed then the first Frank-Wolfe step recovers eje{ , while if (1,1) is not
observed the data are identical to zero. For n = 40, this gives approximately 0.95,0.90, 0.85, 0.80
for m = 2n, 4n, 6n,8n. The incoherent matrix spreads its mass over all entries, so every random
sample carries some information about the singular vectors and scale. This is why the incoherent
error should decrease much more as m increases.

2%*_ (15 points) Consider the LASSO problem

. 1
min F(B) := 5145 - bll3 + AlBlh,

where A = [ay,...,aq] € R"*4 b€ R" and A > 0.
(a) (3 points) Show that 3 = 0 is optimal if and only if [|ATb|[oc < .

Solution: The Lasso optimality condition is

AT(AB—=b)+Xs=0,  secd|p|.
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At 8 =0, this becomes
—ATb+ Xs =0, se[-1,1]%

Such an s exists if and only if

ATb
H <1 <= ||ATb]|oe < A

‘ o0

(b) (4 points) Let S C [d], and let 6 € RIS! be an optimizer of the restricted Lasso problem

.1 2
min Z[l450 = b3 + A6

Pad 6 with zeros outside S to obtain § € R?. Show that if |a; (A3 —b)| < A for all i ¢ S, then f is
a global minimizer of the full Lasso problem.

Solution: Let r:= A3 —b= Agf —b. Since 0 solves the restricted problem, for every i € S we
have a] r € —A3|B;|. For i ¢ S, we have B; = 0, and the assumed certificate gives |a; r| < \.
This is equivalent to ~

a; r € =A[—1,1] = =A9|0| = —\|Bi].

Therefore the coordinate-wise Lasso optimality condition holds for every i = 1,...,d. Hence B
is globally optimal for the full Lasso problem.

(¢) (4 points) Now consider the group Lasso problem

1 m
min =||A8 — b||2 + A ,
s 1145 W + A3 19,
where By, ..., By, partition [d]. Let G C [m] be a set of active groups (nonzero variables), and let 3
be an optimizer of the restricted problem on the coordinates in | J geg Bas padded with zeros on the

inactive groups. Prove that J is globally optimal for the full group Lasso whenever HAgg (AB~ =b)||2 <
Aforgég.

Solution: Let again r := AB —b. For an active group g € G, restricted optimality gives
A;gr+)\sg:O, Sg EGHBBQHQ.

For an inactive group g ¢ G, we have B B, = 0. The subdifferential of the Euclidean norm at
zero is

0ll2 = {s : [Isll2 < 1}.
The assumed certificate ||Agng2 < A allows us to choose

1
So=—3Abr gz <1

Thus for every group, active or inactive, there exists s, € 8\\539 |2 such that Aggr + Asg = 0.
Stacking these group conditions gives

0cAT(AB—b)+ A0 (Z /3’139||2> ,
g=1

which is the global optimality condition for the convex group Lasso problem.
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(d) (4 points) Suppose the certificate in part (b) fails. Namely, for some i ¢ S, laj (AB —b)| > A. Let
r := A — b and consider changing only coordinate i: 3(J) = 5+ de;. Derive the exact minimizer of
F(B(d)) over 6 € R, and show that the objective decreases strictly. Quantify the decrease in terms

of aj r, A, and ||a;|2-

Solution: Let ¢ := a;r

one-coordinate path 5(J) = B+ de;,
F(B(6)) = F(B) + 3 + 50>+ Ala].
The exact minimizer is the scalar soft-thresholding update
5+:—$&@x Sa(e) = sign(c)(je] — )+

Because |¢| > A, this update is nonzero. Substituting the minimizer gives

i ~ _)\2 T —)\2
P+ ate) - p(p) = -2 - Lol o

r and ¢ := ||a;||3. Since |¢| > A, we must have ¢ > 0. Along the

3*** (20 points) For u > 0, consider
M M mXxXn
fulwy) = Sleli+27 Ay = Tlyl, A eR™™

Let L := ||Allop. Define

() (e 0 o= (),

(a) (5 points) Show that F(z) = (ul + K)z. For p > 0, prove that F is p-strongly monotone and
¢-Lipschitz with £ = y/pu? + L2. Conclude that the saddle point is unique and equals z* = 0.

Solution: We have

Vofulz,y) = px+ Ay,  Vyfu(z,y)= A"z — uy.

F(z) = (_%;fiy) - (ul + <_21T ‘3)) 2= (ul + K)-=.

Let z1, 22 be arbitrary and set h = z; — 25. Since K" = —K, (Kh, h) = 0. Thus

Therefore

(F(21) = F(22), 21 = z2) = ((u + K)h, h) = || h]l3.

So F'is u-strongly monotone.
For Lipschitzness,
1F(21) — F(z2)|l2 = [[(nI + K)hl|>.

Moreover,
(ul + K) (uI + K) = p*I + KK,

because KT + K = 0. Hence
Il + K2, = u? + [IK|12,.
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Since [|Kllop = [|Allop = L, we get
IF(21) = F(22)ll2 < V2 + L? |21 — 2|2
Finally, when p > 0, if F/(z) = 0, then taking inner product with z gives
0= (F(2),2) = ullz]3.

Therefore z = 0. Thus the saddle point is unique and equals z* = 0.

(b) (6 points) Simultaneous GDA with step size n > 0 is
Zepr = 2z = F (2) = (1 =)l —nK) 2.
Use KT = —K to prove the exact identity
lzer1ll3 = (1= )| 2el13 + 0?1 K 2|13
Deduce that GDA is a global contraction for every initialization if and only if

2u
MQ + L2 :

Find the best fixed step size and the corresponding worst-case contraction factor.

0<n<

Solution: The update is z;41 = ((1 —nu)I — nK) z¢. Therefore
lzealls = (1 = np)ze — A 2|3
= (1= np)?llzell3 + || K zel|3 — 20(1 — np) (22, Kz2).
Because K" = —K, (2, Kz) = 0. Hence
21113 = (1= m0)? (|23 + 0? [ Kzl

Using || K zt||2 < L 2t||2, the worst-case squared contraction factor is

q(n) = (L =nu)®> +n’L* =1 = 2nu+n*(u* + L?).
This is strictly less than 1 exactly when

2

_9 20,2 L 2
np + 0 (p° + )<O<:>O<n<M2+L2,

given > 0. The condition is also necessary for global contraction because there are vectors
achieving || K z||2 = L||z]|2.
The best fixed step size minimizes ¢(n):

’ — 9 oan(u2 + L2) = * _ H ]
q'(n) pt2n(p”+L7) =0 =7 T

The corresponding worst-case squared contraction factor is

2 2
W L
* :1— == .

Equivalently, the worst-case contraction factor in norm is L/+/p? + L2.
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(c) (5 points) Now specialize to the scalar bilinear case u = 0, m =n =1, A = [g], 0 > 0. Let
wy = x¢ + 1y;. Show that simultaneous GDA satisfies

w1 = (1 4 ino)wy,
so the last iterate expands for every n > 0 unless w; = 0. For extragradient (EG),
Zt41/2 = At — nF(z), Zt41 = 2t — UF(Zt+1/2);
show that
Wiyl = (1 + o — 7720'2)wt.
Determine exactly for which n > 0 EG converges linearly, and find the step size in this interval that
gives the smallest contraction factor.

Solution: In the scalar bilinear case, F'(z,y) = (oy, —oz). Simultaneous GDA gives
Tip1 = Ty — NOYy, Yt+1 = Yt +noxs.
Thus, with w; = ¢ + 1y,

W1 = Ty — NoYe + (Y + 90Ty
= (1 +ino)(xs + iy:) = (1 + ino)w;.

Therefore |wi11| = /1 + n%0? |we|, which expands for every n > 0 unless w; = 0.
For extragradient, the half-step is

Wwiy1/2 = (14 ino)w.
The second step uses the vector field at the half-step but starts again from w;, so
Wip1 = Wy + NOWe 172 = Wy + Mo (1 +ino)wy.

Hence
w1 = (1+ino —n’c®)w;.

The squared contraction factor is
11 +ino —n*o?> = (1 — n?0?)? + n?c>.
Let a := no > 0. Then this equals
(1—a*)?+a®>=1-a®+a".
EG converges linearly exactly when
l-a*+a*<1 <= 0<a<l.

Therefore 0 < 17 < 1/0. To minimize the squared contraction factor 1 — a? + a?, differentiate:

d
— (1 —a* +a*) = —2a + 4a® = 2a(2a> — 1).

da
The minimizer in (0,1) is a = 1/v/2, so n* = ﬁ The best squared contraction factor is
1 1 3
l--+-==°
2 + 4 4

and the best contraction factor in norm is v/3 /2.
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(d) (4 points) For the same scalar bilinear problem, consider the implicit proximal-point step
Zey1 = 2t — NF (ze41).
Writing again w; = x4 + 1y;, solve this two-dimensional linear system explicitly and show that

1+ino

We1 = m Wy.

What is the contraction factor?

Solution: For the proximal-point step, z;41 = 2t —1F(2¢+1). In complex notation, subtracting
nF corresponds to adding ino times the point at which the vector field is evaluated. Thus

W1 = Wy + inowey; <= (1 —ino)wipr = wy.

Therefore
1 1+1no
Wkt = T ot 1+ n202wt'
The contraction factor is
‘1-1—2'770 V14 n?e? 1 <1
1+n%02 14+ n?0? 1+ n2o?

for every n > 0.
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