ATE6003 - Optimization for Machine Learning The Chinese University of Hong Kong, Shenzhen

Name: Student ID: Scores:

ATE6003 Midterm
Instructor: Xiaopeng Li Time Limit: 2 hours

Notice: You can invoke results in the lecture, homework and hint without proving it.

1. (100 points) Let ¢ : R™ — R be a pj-strongly convex L;-smooth function and f : R" — R be a
pao-strongly convex Lo-smooth function. Consider the following algorithm:

Vo(ar1) = Volur) — aVf(zy), k>0,
with given initial point zp € R™ and step size o > 0. Let * = arg mingegn f(2).

(a) (20 points) Prove that for all £ > 0,

f(wry1) — fog) < (/;1 + ) ki1 — z]%.

Hint: the gradient of a strongly convex function ¢ is strongly monotone (Lecture 2).
(b) (30 points) Prove that for any x € R™,

IV f(@)* > 2p2(f () — f ().

Hint: use strong convexity of f and try to minimize a quadratic function.
(¢) (30 points) Set o < 2u1/Ly. Prove that any k > 0,

Flann) = (%) < (1= 2250 +02252 ) (f(an) - fia").
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Hint: try to use part (a) and (b).

(d) (20 points) Conclude that the above algorithm has linear convergence rate in terms of function
value for all a € (0,2p1/Ly). What is the optimal a?
Hint: try to use part (c).

2. (100 points) Let f : R® — R be convex and X* = arg mingcc f(x) be nonempty, where C C R" is
nonempty convex closed. Denote f* := f(x*) for all 2* € X*. Consider the following algorithm:

flzg) = f*

Try1 = l¢ (xk EE

sk) , where s € Of (x), sk #0, VkeN,

and xg € R" is the initial point.

(a) (30 points) Show that there is a constant ¢ > 0 such that ||z|| < ¢ for all k£ > 0.
Hint: try to show sequence (||zx — *||?)ren is decreasing.

(b) (30 points) Show that f(xy) — f* as k — oc.
Hint: try to use the fact that Jf maps any bounded sets to bounded sets.

(¢) (20 points) Show that the convergence rate is given by

: . 1
Jpin f(z:) - f*=0 (\/E) :
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(d) (20 points) If each minimum of f is sharp, i.e., for each 2* € X* there exists u > 0 such that
f(x) = f* > pllx — x*|| for all z, then

lz — 2" = O ("),
where ¢ € (0,1) is a constant.

3. (100 points) Let f(x) = 23" | fi(x), where each f; : R — R is convex and L-smooth. Assume f is

~n
convex and attains its minimum f* = min, f(z). Consider the following SGD update

T+l = Tk — Oékvfik (xk), ik ~ Unif{l, cee ,n} ii.d.

Assume that E;[[|V f;(z) — Vf(2)|]3] < o2 for all z € R%.
(a) (20 points) Show that E;[V fi(z)] = Vf(z) and

E(|Vfi(@)3] < [Vf(@)3 + o
(b) (30 points) Let a* € argmin f. Show that for any step size oy > 0,

Elllznrs — 2113 | 4] < llan — 213 — 200 (F(ae) = £7) + 2 (IV £ @)ll3 + 0)-

(¢) (30 points) Assume a constant step size ay = a < 57 and define 7 := % Zf;ol xy. Show that

zo — z*||2  ac?
_ o — =13

E = _opx
far) - g < ot
Hint: try to first show that ||V f(z)||3 < 2L(f(z) — f*) and
20(1 — aL) E[f (zx) = ] < Ellzx — 2*[3 — Ellogsr — 7[5 + a®0”.

(d) (20 points) Show that E[f(Zr) — f*] < e given that

[ 1 ¢ R?
Oé:mln{ﬂ/,o_z}, T .= @
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