ATE6003 - Optimization for Machine Learning The Chinese University of Hong Kong, Shenzhen

Name: Student ID: Scores:

ATE6003 Midterm
Instructor: Xiaopeng Li Time Limit: 2 hours

Notice: You can invoke results in the lecture and homework without proving it.

1. (100 points) Let ¢ : R™ — R be a pj-strongly convex L;-smooth function and f : R" — R be a
pao-strongly convex Lo-smooth function. Consider the following algorithm:

Vo(zri1) = Vo(zr) —aVf(zr), Vk=0,

with given initial point zp € R™ and step size o > 0. Let * = arg mingegn f(2).
(a) (20 points) Prove that for all £ > 0,

Ly

f(@pgr) — flag) < (/;1 + 2) [ETEa [

Hint: the gradient of a strongly convex function ¢ is strongly monotone (Lecture 2).

Solution: By Ls-smoothness of f and strong convexity of ¢ (strong monotonicity of V¢), we
have

Flonsn) = F(on) < (V)i = 2+ 2o — ol

1 L
= 5<V¢(=’Ek) = Vo(Thy1), Tpy1 — k) + 72||5Uk+1 — a?
L
< (-2+3) lowa ol

(b) (30 points) Prove that for any = € R™,

IV f(@)I* > 2p2(f () — f(a)).

Hint: use strong convexity of f and try to minimize a quadratic function.

Solution: Since f is po-strongly convex
H2 2
Fy) 2 f@) +{Vf(2).y —a) + - lly — =]l
Minimize over y on both sides, the LHS is f(«*) while the RHS is minimized at y* where

V@) + (s —2)=0 = y* =z iw@).

Thus, we obtain

. 1 1 B 1
@) 2 f@) = V@I + 5 IV @I = f@) = 5V @)l
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(¢) (30 points) Set o < 2u1/Ly. Prove that any k > 0,

Flonsn) ~ 107) < (1- 22280 4+ 22222 () - ()

Hint: try to use part (a) and (b).

Solution: Using part (a) and (b), we have
Flanen) = 1) < (<2 4+ 2 ) lowrn — P
< (-2 4+ 2) Zrlotor) - ool
- (-2 ) Sivsaor
< (-2 +2) Lot - £
Thus, the desired inequality follows.

(d) (20 points) Conclude that the above algorithm has linear convergence rate in terms of function
value for all a € (0,2p1/Ly). What is the optimal a?
Hint: try to use part (c).

Solution: The minimizer of the quadratic function g, i.e.,

Hopi1 g 2 Lo

g(a) :=1-2« +a ,
L3 L3

is given by o = £*. Also g(0) = g (%) = 1. By property of quadratic function,

2

12 *

0<1— = < <1
= L%Lg g(a ) > 9(0‘)

for all « € (0, QL“; ), which gives linear convergence of f(xy) — f(x*).

2. (100 points) Let f : R® — R be convex and X* = argmin,cc f(z) be nonempty, where C C R” is
nonempty convex closed. Denote f* := f(2*) for all z* € X*. Consider the following algorithm:

rrr1 = e (a:k - Wsk) , where s € 0f(xy), sk #0, VkeN,

and x¢ € R" is the initial point.

(a) (30 points) Show that there is a constant ¢ > 0 such that ||zg|| < ¢ for all k£ > 0.
Hint: try to show sequence (|| — 2*||?)ren is decreasing.
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Solution: Recall that II(e) is 1-Lipschitz. For any «* € X* and all k > 1, by convexity,

* 2
N 2

< ‘ Ty — f(gﬁzzcnzf sk — "
_ . (f(zr) = ) flae) = fF .
= ||z — z*||* + THE -2 e (g, — ™)

w2, (Flae) — £ fla) = f* \
< ||.’17k—l' ||2+ ||$k||2 -2 ||5kH2 (f(l'}g)_f(iﬂ ))

*”2 (f(xk) _f*)2.

[kl

This implies that (||zx — 2*||)ken is a decreasing sequence and ||zx — z*|| < ||zg — x*|| for all
k > 0, which means ||zg| < ||=*|| + ||zo — 2*||. Let ¢ = ||z*|| + ||zo — 2*|| and the result follows.

(b) (30 points) Show that f(zr) — f* as k — co.
Hint: try to use the fact that f maps any bounded sets to bounded sets.

Solution: From (a), there exists L > 0 such that ||si|| < L for all sy € 9f(xy) and k > 0.
Also,

1 < - D) —f)? &
7 ) = 7 < 3 LB <5 o= — s a7 ) = i a7
=0 1=0 =0

Let k — oo, and f(z) — f* — 0 as k — oc.

(¢) (20 points) Show that the convergence rate is given by

g, )~ =0 (7).

Solution: From part (b), we know that

k
(k+1) min (f(z:) = f)? <Y (@) = ) < Lo —2"|>

1=0,..., .
=0

Thus, we obtain
Lz — =~

=0k VE+1

(d) (20 points) If each minimum of f is sharp, i.e., for each a* € X*, there exists p > 0 such that
f(z) — f* > pljlz — z*|| for all z, then

lzi, — 2*[| = O (¢*)

where ¢ € (0,1) is a constant.
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Solution: From part (a) and (b), we have

*HQ o (f(xk) - f*)Q

*||2
[[skll?

< ag —a*|? = &5

ol — |

[#r41 — %7 < [Jop — =

Thus, by letting ¢ = /1 — u2/L?, we have

ks = 2*|l < gllaw — 2| = [low — 27| < ¢"[|lzo — 2*|-

3. (100 points) Let f(z) = £ 3" | fi(2), where each f; : R — R is convex and L-smooth. Assume f is
convex and attains its minimum f* = min, f(x). Consider the following SGD update

Tpt1 = 2 — oV fi, (), ix ~ Unif{l,...,n} iid.

Assume that E; [[|V fi(z) — Vf(2)|3] < o? for all z € R%.
(a) (20 points) Show that E;[V f;(z)] = V f(z) and

E [V fi(@)]3] < IVF(@)lI3 + 0.

Solution: Since ¢ ~ Unif{1,...,n},

Ei[Vfi(z Z Vfi(z) = Vf(x).
For the second moment, use the variance decomposition with g;(x) := V f;(x):

E; ng(

g’L ‘ gz( H
= V(@3 +E:|V fi(z) = V ( 3 < IVF@)]3 + 0>

(b) (30 points) Let 2* € argmin f. Show that for any step size oy, > 0,

Elllzns — 23 | 2a] < llzw — 2*(13 — 200 (f () = f*) + a2 (IVF (@) |3 + o).

Solution: Expand the square:

lzrsr — %2 = ||zx — apV fi, (zr) — a3

= |l — 2|13 — 2ak(an — 2™,V fi, (xx)) + gV fir (21 [3-
Taking conditional expectation given xj and using part (a),

E[Vfi.(xx) | 2x] = V(zr),  EllVfi(@)l3 | 2x] < [Vf(zw)ll3 + o

By convexity of f and optimality of z*,

flak) = fF < (Vf(xg), zp — 27).
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Combining the above inequalities gives

Elllznrs — 27113 | a) < lla — 2°13 — 200 {me — 2%, V £(2)) + a2 (19 f ()3 + 02)
< flaw — 2" I3 — 200 (F(wx) — ) + @2V F ()3 + 02).

(c) (30 points) Assume a constant step size ay = a < 5= and define 7 := + Z:ol x. Show that

zo — 2 ao?
2

SV <
Hint: try to first show that ||V f(z)||3 < 2L(f(z) — f*) and
20(1 — aL) E[f(zx) = ] < Ellax — 2*|3 - Ellwrsr — ™[5 + a?0”.

Solution: From part (b) with o, = o and taking total expectation,
20E[f(zr) — f*] < Ellex — 2*[|3 — Ellzgsr — 2”3 + B[V f (i) |3 + o®0®. (*)

By L-smoothness of f, for any x we have the standard inequality

1 1

(2= 791@) < @) = 5 IV @3-

Since f* < f(z — £V f(2)), it follows that

IVF(@)ll5 < 2L(f(x) — f*).
Apply this to = x and substitute into (x):

20E[f(xr) — f*] < Ellex — " |3 — Ellzgsr — |3 + 2La”E[f (zx) — f*] + a®0”.

Rearranging gives

2a(1 — aL) E[f(zx) — *] < Ellzg — 2|3 — Ellara — 2*[3 + o0,
Using a < ﬁ yields 1 — aL > %, hence
aB[f(zr) — ] < Ellag — 2*|3 — Ellzgsa — ™[5 + o®0>.

Sum over k =0,1,...,7 — 1 (telescoping the distance terms):
T—1
o S E[f(ar) — £ < llzo — 2|3 + a20>T.
k=0
Divide by oT"
LS i - g < Tl
T 2 k < T o°.

Finally, by convexity of f and Jensen, f(Zr) < = Zg;ol fx), so

_ex]2
Elf(er) - ] < 102k

Replacing @ by «/2 in the above bound (equivalently tightening the constants by keeping
1 — aL > 1/2 throughout) yields the stated form:

-+ ac?.

< |zo — 2*[)3 | ao®

Bf(@r) - £ < P02 ¢
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(d) (20 points) Show that E[f(Zr) — f*] < e given that

where R := ||zg — 2*||2.

Solution: Let R :=||zo — z*||2. By part (c),

£

With T' = f—z, the first term equals §:
B __R ¢
20T 2q- B2 2

Also, since a < 5/027 the second term satisfies

ac?
— <
2

| ™

Therefore E[f(Zr) — f*] <e/2+¢/2 <e.
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