Sample final questions

May 5, 2026

1. (170 points) Suppose we want to deploy an ensemble of d small classifiers on an edge device. Each
classifier 7 gets a weight z; € R, and the ensemble’s prediction on an input is a weighted combination
of the individual predictions; collect the weights into the vector = € R<.

To tune z, we use a held-out validation set of m examples. Let A € R™*¢ collect the validation
predictions (column 4 holds classifier ¢’s predictions on the m examples), and let b € R™ be the
true labels. Two side-vectors are given for each classifier: a latency vector £ € R? (how slow each
classifier is) and a disparity score ¢ € R% (how much each classifier widens performance gaps across
user subgroups). For regularization parameter A > 0, define

A 1 2 A 2
f(@) = 5l Az = b + Sl

i.e., validation squared error plus a ridge penalty on the weights.

We want x to (i) form a probability distribution over the classifiers (non-negative and summing
to one), (ii) keep total ensemble latency under a budget B, and (iii) keep total disparity under a
threshold 7:
min f(z) st. 1'z=1, >0, 'z<B, g'a<r, (P)
z€R4
Assume there exists Z > 0 such that 172 =1,¢"2 < B,and gz < r.

(a) (55 points) Using the normal-cone of a polyhedron to derive the full KKT system for (P).
(b) (55 points) Derive the scaled ADMM iteration for

o1 A
min |4z = b2+ llal? + 7| Dally, >0,

where D € R?*? is a graph-incidence matrix that pairs up classifiers expected to behave sim-
ilarly: each row has a +1 and a —1 in the two paired entries (and zeros elsewhere), so || Dx||;
shrinks weight differences between paired classifiers.

(c) (60 points) For the equality-only calibration problem min, f(z) subject to Ex = h, prove the
dual-gradient-ascent rate

Lguo — u*|? I1E113
k) < g = p
g(u ) g(uT) = 2T ) Lg B\ )
where g(u) := —f*(=ETu) —u"h, u* € argmax g, and up1 = ug + L, ' Vg(ug).

2. (170 points) A social platform sees pairwise interaction scores between n users. Stack these into a
symmetric matrix Y =Y T € R™*", but the platform only observes entries on a symmetric index set
Q. Two effects shape Y: (i) latent community structure, i.e., users in the same community interact
similarly, which is well modeled by a low-rank PSD matrix; (ii) a few manipulated edges that are
best caught by a separate sparse regression layer. The data-fit term and the PSD trace-bounded
constraint set are

1
F(X):= 5||PQ(X -Y)|%, D= {XeS":X =0, tr(X) <7}
(a) (50 points) For a Frank-Wolfe step over D, derive the linear minimization oracle

Sy € argmin(VF(X,), S).
SeD,



(b) (55 points) To avoid carrying the full n x n matrix, parameterize X = UU " with U € R"**
with k£ < n. The data-fit term in this factored form is

1 .
Q) = L |PoUUT = V), U€R™E

Derive the gradient V& (U).

(¢) (65 points) To catch the manipulated edges, regress the residual against p hand-crafted anomaly
features. Let B = [by,...,b,] € RV*P stack the features over N candidate edges, r € RY be
the residual, § € RP be the unknown anomaly coefficients, and o > 0 promote sparsity. Derive
the exact coordinate-descent update for coordinate i in

1
H(9) := 5||Ba — 7| 4 |0

3. (160 points) A cloud provider plays a game against a strategic client over how to route network
traffic. The provider has m routing policies; the client has n traffic-shifting patterns. Both sides
randomize: the provider picks a distribution x € A,, over its policies and the client picks y € A,
over its patterns. The provider’s expected cost minus the client’s expected gain is

x(z,y) =2 By +a'z—c'y, BecR™" qgcR™, ccR"

(a) (40 points) Derive a closed-form expression for the duality gap gap(z,y) of x on A,, x A,,.

(b) (50 points) Now drop the simplex constraints and let both players choose freely in R®, i.e.,
assume m = n = s and B is nonsingular, and consider the same x(z,y) over R® x R® without
simplex projection. The unique saddle point is then z* = B~ "¢, y* = —B~'a. For simultaneous
GDA, prove

lzeer =212 + lyers — y* |17 = lloe — 2|7 + lye — v |12
+ 02 (1Blye — y*)|I> +0°|| BT (2 — 2)||?
n Yt —y n Iy — X .
The identity is exact, so the distance to z* strictly grows every step, unless (xg,yo) = (*, y*).

(¢) (70 points) To fix the divergence, both players use one step of memory: OGDA updates with
ziy1 = 2 — 2nF(2) + nF(2i-1), where F = (V;x, —V,X) is the saddle gradient field. Prove
that OGDA converges linearly from every initialization if and only if

1
0<n< ——=——-.
V3||Bllop

Page 2



Solution 1:

(a)

The inequality set is
Q={2z:-2<0,lT2—-B<0, g'z—r<0}.
For x € €, the polyhedral normal cone is
No(z)={-s+al+Bg:5>0, a>0,3>0, s;x; =0, a({"x—B) =0, f(g'z—r) =0}
Let v € R be the multiplier for 17z = 1. Since Vf(z) = AT (Ax — b) + Az, the KKT system is
AT(Az* —b) + X" + v 1+ a4+ B7g—s* =0,
172% =1, ¥ >0, ¢T2* < B, glz* <r,
a* >0, g >0, s* >0,
a(lTx* —B) =0, B*(g z* —r) =0, sfxl =0,i=1,...,d.
The strict feasibility assumption is Slater’s condition, so these conditions are also sufficient.
Introduce z = Dx and use the scaled dual variable w. The split problem is
tmin %HAQ: C b2+ %||x||2 +rlsh st Dr—z=o0.
The scaled augmented Lagrangian, up to the constant —p||wl||?/2, is
Sz = o2+ el + 7zl + 2Dz 2 4wl
Thus ADMM is
" = (ATA+ X +pD D) (ATb+ pD " (2 — w")),
2Pl = ST/,)(Da:k+1 +w"),
W = @k Dkt L
where S, (t) = sign(¢) max{|t| — ¢,0} is applied entrywise.
Since f is A-strongly convex, f* is 1/A-smooth. The dual function is

9(u) = min{f(x) +u” (Bx — h)} = —f*(~ETu) —uTh.

Moreover, Vg(u) = EV f*(—E"u) — h. Hence, for any u, v,
1£113,
A
Let H = —g. Then H is convex and L4-smooth, and the stated dual ascent is exactly gradient

descent on H:

1
IVg(w) = Vo) < 1Elop3 BT (u = )] < lu =] = Lglju = vl

1
Uk+1 = Uk — —VH(uk).
Ly
For gradient descent on a convex L -smooth function,
Ly

H(uggr) = H(u) < S ([lue —wl* = fugps —u”]?).

Summing from k=0 to T — 1 gives
T

* L *
(H(m) ~ Hu)) < 20 g — w2
k=1
Since H (uy) is nonincreasing,
* L *
T(H(ur) ~ H(w)) < 22 Jug — o

Using H = —g gives
Ly|lug — u*|]?

g(u*) —g(ur) < 5T
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Solution 2:
(a) Let Gt :== VF(X;) = Po(X: —Y). Because Y, Xy, and 2 are symmetric, G; is symmetric. Let
Amin (Gt) be its smallest eigenvalue and let v; be a unit eigenvector for it. For any S = 0,

(G, S) > Amin(Gy) tr(9).

If Anin(Gt) < 0, the minimum is obtained by using all trace budget in the most negative
eigendirection: S; = 7v;v, . If Apin(Gy) > 0, the minimum is obtained by S; = 0. Thus

g U0, Amin(Gt) <0,
e 07 Amin(Gt) Z 0.

(b) Define R(U) := Po(UUT —Y). Because 2 and Y are symmetric, R(U) is symmetric. For a
perturbation H,
R(U +cH) = R(U) +ePo(HU" +UH") + O(c?).
Therefore 1
d(U)[H] = S(R(U), Po(HU " + UH"))

= %(R(U), HU" +UH") = (R(U)U, H).
Hence VO(U) = Po(UUT - Y)U.
(c) Fix all coordinates except 0; and define
ropi=r—Y b6 =r— B0+ bb;.
J#i

The one-dimensional subproblem is

1 9
min §||bz§_7"—z“ + alg].

Expanding the quadratic gives

]2
min #52 — (b r_5)& + alé| + constant.

If ||b;]| > 0, the exact coordinate update is

1

1
0 =
[1bi]]>

= o Sa (b 7

Sa(l1b:1170; = bi"e),

where we use the residual e = B8 — r. If b; = 0, then the subproblem is minimized at 0;‘ = 0.

Solution 3:
(a) For fixed z € A,

T Ta) — e
max x(z,y) =a' @+ max ((B'a); —¢;).

For fixed y € A,

. _ . . N T
Jnin x(z,y) = min ((By)i +ai) —c'y.

Therefore

_ T T Ty — o) — s
gap(z,y) =a'z+cly+ max ((B'x); —¢j) min ((By)i +ai).
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(b)

In the unconstrained case,
V.x(z,y) = By + a, Vyx(z,y) = Bz —c.

The stated point satisfies By* +a = 0 and B'z* — ¢ = 0, so it is the unique saddle point.
Define centered variables & := z; — «* and v, := y; — y*. Simultaneous GDA gives

§ir1 = & — nBuy, Vi1 = v + BT &,

Hence 2 2 2 T 2
1€ealI” + lvea |7 = 1€ = nBud|” + [[ve + 0B &

= [[&l* + lloe? + 0P| Bue|® + n?| BT &>
Thus the exact identity is
[zer1 = 2|1 + lgesr = y* 17 = oo — 21 + llye — v 12 + 711 By — y)? + 0P| BT (w2 — )|
Since B is nonsingular, the last two terms are positive unless (z,y;) = (z*, y*).
OGDA in centered variables is
§e41 =& — 2nBuy + nBug_y,
Vg1 =v +29BT& — BT .

Let B = USVT be an SVD, where ¥ = diag(oy,...,05) and o; > 0. Set & = U'¢& and
0y = V' Tu,. Bach singular mode evolves independently:

Eir1 =& — 200050 + MO0 41,

Vji1 = Vgt + 200€50 — 105,11
Define wj; := f_j,t + 10,4 and ¢; := no;. Then

Wy t+4+1 = (1 + 2icj)wj7t — ’iCjZUj7t_1.

The characteristic equation is
r? — (1 + 2ic;)r +ic; =0,

with roots
1+ 2icj £ /1 — 4c?
re(c;) = .
! 2
For 0 < ¢; <1/2,let dj := /1 —4c2. Then
1+d; 1—d;
o) = 5T <1 (o) = 5P <

For ¢; > 1/2, write \/1 —dc; = i\/4c? — 1. The larger root has squared modulus

1. 1
‘2 +1 (Cj + 5\/405 - 1)
This is strictly less than 1 if and only if

1 3
cj—|—§,/4c?—l<g,

which is equivalent to ¢; < 1/ V/3. Therefore the recurrence for mode j is linearly stable exactly
when 0 < no; < % All modes are linearly stable exactly when

2

0 <nmaxo; < —= 0<n<
J

1 1
V3 V3| Bllop
If this condition fails, the mode corresponding to || B||op has a characteristic root with modulus
at least 1, so OGDA cannot converge linearly from every initialization.
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