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Low-Rank Optimization




Low Rank Structure is Ubiquitous

Recommender systems: the Netflix rating matrix is approximately
low-rank because few latent factors explain user preferences.
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Low Rank Structure is Ubiquitous

Phase retrieval: reconstruct a rank-1 matrix zz ' from quadratic
measurements.

diffraction patterns

source
?/sample phase plate




Low Rank Structure is Ubiquitous

LoRA fine-tuning: adapt large language models by adding a low-rank
update to downstream applications.
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Problem Formulation

Generic low-rank optimization:

i X) st k(X) < r.
(hin - f(X) st rank(X) <

Bad news:
e this problem is NP-hard in general.

e the rank function is discontinuous and nonconvex.

Easy case: if f(X) = % X — A||2F then the optimal X is the truncated
SVD of A, ie., X* =371, oy, .

Two general routes:
e Convex relaxation: replace rank(X) by the nuclear norm || X],.

e Nonconvex factorization: parametrize X = UV with U € R™*",
V € R™"*". This is called Burer—-Monteiro method.




Nuclear Norm

Definition: let 01(X) > 09(X) > --- > 0 be singular values of
X € R™*" then the nuclear norm of X is

min(m,n)
X1, =>_ i(X).

i=1

Intuition: ||.X||, is the £1-norm on the singular values. Just as ||z||,
promotes sparse z, || X||, promotes sparse spectrum, i.e., low rank.

Equivalent characterizations:
e Spectral: || X||, = >, 0i(X)
e Dual: || X, = maxj|z|| <1 (Z,X), where || Z]|,, = 01(2)

e Factorization: || X||, = mingy 1(|U[|% + [V[3) st. X =UVT

The third characterization is the bridge to the Burer—Monteiro
factorization at the end of the lecture.




Low-rank approximation

Singular value decomposition: any X € R™*" admits
min(m,n)

X=UxvV"= Z Jiuiv;r,
i=1

with o1 > 09 > --- > 0 and U, V having orthonormal columns.

Rank from SVD: rank(X) = number of nonzero singular values.

Low-rank Approximation Theorem

The best rank-r approximation of A is the truncated SVD:

i A-X|3 = [(A)?
- I Ir gaz( )%

attained at X* = 37_, 03 (A) u;v, .

i




Nuclear Norm as Convex Envelope of Rank

The rank function is nonconvex and discontinuous. We want a convex
surrogate that promotes low rank. Candidate: the nuclear norm.

Theorem

On the spectral-norm unit ball {X : [ X||, <1}, the nuclear norm || X||,
is the convex envelope of rank(X), i.e., the largest convex function that
lower bounds rank.

Sanity check: on the unit ball, every singular value satisfies o; < 1, so
1 X1 Zal Z 1 = rank(X).
i:0;>0
The nuclear norm is a vaI|d lower bound on rank. The theorem says it is
the tightest such convex lower bound.

Consequence: replacing rank by ||-||, gives the tightest convex
relaxation. This is the foundation of nuclear-norm-based methods.




Subdifferential of the Nuclear Norm

Since |||, is convex but not differentiable, we need the subdifferential.

Subdifferential Formula

Let X € R™*" have SVD X = UXV T with rank(X) = r, where
U e R™" Ve R"™" are the singular vectors of nonzero singular values.
Then

oIX|, ={UVT +W : UT'W =0, WV =0, [W],, <1}

Vector analogy: for |||, on R",
0|zl = {sign(z) +w : w; =0ifx; #0, |w||, <1}
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Matrix Completion
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The Matrix Completion Problem

Setup: we have a partially observed matrix. Let Q C [m] x [n] be the set
of observed indices, and let Y;; be the observed values for (i,j) € Q.

Goal: recover the full matrix M € R™*",

Netflix Problem:
e Rows = users, columns = movies, entries = ratings.
e Missing entries: a user has rated only a tiny fraction of movies.
¢ Predicting missing ratings = recommending movies.

Without structure, the missing entries could be anything. The key

assumption is that M is low rank: a few latent factors (genre, mood, era)
explain most of the variability in user preferences.

Notation: let Pg : R™*"™ — R™*™ be the projection onto 2,

Po(X)]ij =14 "
[P )]j {0 otherwise.
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The Optimization Problem

Convex relaxation formulation:
1 2
i — |[Pa(X) — Pa(Y st || X, <7
min o [[Pa(X) = Pa(¥)l} IXI, <+
Objective: measure the squared error only on observed entries.

Constraint: ||X||, < 7 promotes low rank.

Gradient: let f(X) = 3 [|Pa(X — Y)||%. By direct calculation,
VX)=Pa(X -Y).

Observation: the gradient V f(X) is sparse: with || nonzero entries.

In typical applications |©2] < mn (e.g., Netflix: |Q|/mn ~ 1%).
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Computing the Gradient

Since Pq keeps observed entries and zeros out the rest,
1

1
FX) =S Pa(X =Y)lp =5 > (XY™
2 2 -
(3,7)€Q
Differentiate entrywise:
o If (k,1) € , only the term (X} — Yjy)? depends on Xy, so

(finl = Xpt — Y
o If (k,1) ¢ 2, no term in the sum involves Xj;, so
of
OXp

Matrix form:
X =Y (K eQ _
V(X)) = {0 kD d0 = Po(X —Y).
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Low Rank Is Essential

Question: without the rank constraint, what happens?

Example: a 3 x 3 matrix with two missing entries (marked ?7):

1 2 3
Y=12 4 7
3 6 7

The unobserved (2,3) and (3, 3) entries can be anything: infinitely many
completions match Y on the seven observed entries.

But: if we have rank(X) < 1, then we have the unique completion
U1 1 2 3
X = |ug [1}1 V2 1)3} == X*=1|2 4 6
u3 3 6 9
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When Does Nuclear Norm Recovery Succeed?

Setup: M € R™ " has rank r, and we observe entries on €) chosen
uniformly at random with |Q2] = m. Solve the convex program

H}}n IX|l, st Pao(X)="PaolM).

Theorem

Suppose M satisfies an incoherence condition with parameter . If

m > Cu®nrlog?n
for an absolute constant C', then with high probability M is the unique
solution to the nuclear norm program.

Lesson: we need O(nr) samples to recover an n X n rank-r matrix.
Compare to n? total entries, a huge saving when r < n.
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Incoherence

Let M = UXV" where U,V € R™*". We say M is ji-incoherent if
r r
max ||U " e]|3 < M—, max ||V e;]|3 < il
1<i<n n 1<j<n n
Meaning: the left or right singular vectors are spread out over
coordinates; no row or column carries too much information.

Good example (incoherent):
M=11"

has singular vectors proportional to 1, so every coordinate is similar.

Bad example (coherent):
-
M =ereg
has all its mass on one row and one column. If entry (1,1) is never
sampled, exact recovery is impossible.
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First Attempt: Projected Gradient Descent

PGD. For the constrained problem min x| <, f(X),
Xiv1 = I <7 (X — 0V (X))
Compute projection. We need to solve
Iy <,(A) =arg min | X — A|>%.
< (A) o | I

Unitary invariance: the Frobenius norm depends only on singular values,
ie, A% =|Z||% if A=UXV T is SVD.

The problem reduces to:

min [|s—o(A)> st. Y s <7
i

sERY

Solution: s = (0;(A) — 0)4, where 6 is chosen so }_,(c; — 0)4 = T.

This is the singular value thresholding (SVT) operator.
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Problem of PGD

Cost of one projected gradient iteration:
e Compute Vf(Xy) = Pa(Xr —Y). Cost: O(|9]).
e Compute A = X}, — nV f(Xg). Cost: O(mn).
® Project A onto the nuclear norm ball: full SVD of A. Cost:
O(min(m, n)? max(m,n)).

The dilemma. The gradient is cheap because it is sparse. The projection
destroys the “low rank 4+ sparse” structure of A by requiring an SVD.

Can we design a first-order method that avoids the projection step
entirely, while still respecting the constraint || X||, < 77

Answer: the Frank—\Wolfe (conditional gradient) method.
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The Frank—Wolfe Method
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The Frank—Wolfe Idea

Goal. Avoid projection onto nuclear norm ball.

Insight. Projection is expensive because it solves a quadratic subproblem
over Q@ = {X : ||X||, < 7}. What if solve a linear subproblem?

Frank—Wolfe (conditional gradient). At iterate x, build a linear
approximation of f and minimize it over €

T = argrmneisr)l [f(xe) + (Vf(ze),z — z)] = arggleig (Vf(zy),z).

Then move toward Z;:

Tip1 = Tt + (T — ).

No projection! Since x;, z; € 2 and 2 is convex, x411 € Q)
automatically for n, € [0, 1].
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The Frank—Wolfe Algorithm

Frank—Wolfe (Conditional Gradient)

Start from xg € Q. Fort =0,1,2,... with step size n, = HLZ

{.’ft =argmingeq (Vf(z),x)

e = (1 —m¢) ¢ + e Tt

Difference:
¢ Projected GD needs a quadratic subproblem.

¢ Frank—Wolfe needs a linear subproblem.

Observation. Linear subproblems are often much cheaper than quadratic
ones, especially when the extreme points of {2 have simple structure.
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Intuition

Two facts about Frank—Wolfe iterates:
® The update has the form
o1 = (1 =)z + iy, v € [0,1],
SO Zy4+1 IS a convex combination of x; and ;.
e Unrolling gives

Ty € COHV{ZL‘(), T, .- ,i’tfl}.

So the iterates inherit the structure of the extreme points of €.

For the nuclear norm ball, the extreme points are rank-1 matrices:

Q={X:|X[l. <7}, ext()={ruw’ :|ul| = |jv]| = 1}.

Therefore Frank—Wolfe iterates are built from rank-1 atoms,
rank(X;) < rank(Xg) + ¢.
Starting from Xy = 0, we get rank(X;) < t.
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Frank—Wolfe on the Nuclear Norm Ball

We now specialize Frank—Wolfe to the constrained problem

1 2
min X), X)=<|Pa(X =Y .
i J(X),J(X) = 5PalX =Vl
At iterate X4, let
Gt = Vf(Xt) = PQ(Xt — Y)

Then the Frank—Wolfe subproblem is

X, = in (G, X).

t arg”)lgil*réj £ X)

So everything reduces to one question:

How do we minimize a linear function over the nuclear norm ball?

The key is that the nuclear norm ball is generated by rank-1 atoms.




Rank-1 Atoms

Key Fact:

By i= {X e R™: |X], < 7},
B: = conv(A;), where

Therefore, for any matrix G,

min (G, X) = min (G, X).
XeBy(T) XeAr

Proof: let X = 3", oyu;v;| be an SVD. If || X||, = >, 0; < 7, then

X = Z (rug; ) (1—”XT”*)0.

Since 0 € conv(A;), it foIIows that X € conv(A;).

Conversely, each atom satisfies HTUUT = T, SO every convex

*
combination of atoms belongs to B,(7).

Ar = {ruv : [lully = [|o]l, = 1.
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Linear Minimization Oracle

Let G € R™*"™ We need to solve
min (G, X).

1X0.<7

By duality between nuclear norm and operator norm, a lower bound:
(G, X) = = IGllop 1X]l. = =7 Gl -

Let u1,v1 be top left and right singular vectors of GG, so
Gvy = 01(G)uy, u Gv; = 01(G) = 1Gllop -

Choose X* = —ruyv{, then | X*|, = 7 and
(G, X*) = —1u{ Guy = —701(G) = —7 1Glop -

Therefore

arg min (G, X) = —ruyv
1X1l.<7




Frank—Wolfe for Matrix Completion

We can now write Frank—Wolfe explicitly for

1 2
min  ~ [|[Po(X —Y)||%.

At iterate X;, compute the gradient
G =V [f(Xi) =Pa(X: - Y).
Then compute a top singular-vector pair (u¢, v;) of G, and set
Xt = —Tut’l);r.
The Frank—Wolfe update is
Xipr = (1= n0) Xe + m:e Xe, n=-—-z.

Each iteration needs:
e the sparse gradient G; = Po(X: —Y),
® only a top singular-vector computation,

® no projection onto the nuclear norm ball.
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Frank—Wolfe Preserves Low Rank

Recall that each X; has rank 1. Since
Xip1 = (L —n0) Xs + me Xs,
we have
rank(X;; 1) < rank(X;) + rank(X;) < rank(X;) + 1.

Therefore, if we start from Xy = 0, then
rank(X;) <t.

Interpretation: Frank—Wolfe builds the iterate by adding one rank-1
atom at a time. This is why it is so natural for low-rank optimization.

FW vs. PGD: PGD keeps feasibility by projection, but the projection
requires a full SVD. FW keeps feasibility by convex combination, and the
iterate remains explicitly low rank.
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Convergence of Frank—Wolfe

Convergence of Frank—Wolfe

Let D C R™*™ be convex and compact, and assume f is convex and
L-smooth on D. Define D :=supx zep [|[X — Z|| .. Consider

S¢ € argmin (VF(Xe),5), Xepr = (1= ne)Xe + S, me = .
Then, for all t > 1,

Proof: Let h; := f(X;) — f(X*). By L-smoothness,
F(Xig1) < FOG) +me (VF(X), Se = Xo) + En? 1S — Xl

Since S; is the minimizer, X* € D, and f is convex,
(Vf(X2), S — Xi) <(VF(Xp), X* = X)) < —Pu

29



Proof Continued

Also, ||St — X¢||» < D. Therefore

LD?
heyr < (1 —ne)he + ?771:-
. 2
With Nt = 42
t 2LD?
ht+1 h + . (*)

“t+2 (t+2)2

For t = 0, the smoothness bound (x) gives hy < LTD2.

Now assume h; < 2tL+l; , then by (x),

t 2LD2+ 2LD?*  2LD?*(t+1) _ 2LD?
Tt42 t+2 0 (t+2)2 0 (t4+2)2 T t+3°

Hence, by induction, h; < 2tL+D2 for all ¢t > 1.

hiy1 <

30
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Nonconvex Factorization: Burer—Monteiro
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Burer—Monteiro Factorization

Recall the generic low-rank problem

i X t. k(X) <.
X3, S0 st rank(X) <7

A natural idea to ensure rank(UV ") < r is to parameterize
X=UV', UeR™" VeR".

So we obtain the factorized problem

. T
verm P g SOV -

Benefits:
e \We optimize over r(m + n) variables instead of mn.
e The iterate is low rank by construction.

® We avoid projection onto the nuclear norm ball.

This is often called the Burer—Monteiro (BM) approach.
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BM for Matrix Completion

Applying this to matrix completion leads to
2
Po@vT -Y)|

. 1
min — ‘
UeRmMXr V/ cRnXT 2

Pros & Cons:
e the problem becomes an unconstrained and smooth;
e the number of variables drops from mn to r(m + n);

e but the objective is now nonconvex in (U, V).

Let

F(U,V) := % IR(U, V)7, R(U,V):=PoUV' —Y).

Gradients:
VuoF(U,V)=R(U,V)V, VvF(U,V)=R(U, V)TU.




Gradient Formula

Write the objective entrywise:

F(Uv V) = Z (UZT,UJ - Y7—l')27
(4,5)€Q

where u; is the i-th row of U, and UjT is the j-th row of V.
Now perturb U in a direction H € R™*": U+ U +¢H.

If ] denotes the i-th row of H, then
(wi +ehi) Tvj = u vj 4+ eh v;.

N | —

So

1
F(U+eH,V) = 3 > (i vj+ehiv; —Y,~)2.

(3,5)€Q
Differentiating with respect to € at € = 0,
dF(UV)[H] = Y (ufvj —Yi;) hiv;.
(4,9)€Q
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Gradient Formula

Define the residual matrix R(U, V) := Po(UV T —Y), where
Ri(U.V) = {ujuj ~Yiy if(i,5) €Q

0 otherwise
Therefore the directional derivative becomes
dF(U,V)[H] = Y Ry(U,V)hv;.
(4,5)€Q
Group the terms by row index i:

dF(U,V)[H]-th( > Rz-j(U,V)uj).

=1 \jii,))e
But the vector
> Ry(UV)v;
J:(1,5)€Q
is exactly the i-th row of the matrix R(U,V)V. Hence

dF(U,V)[H] = (R(U,V)V,H) = VyF(U,V) = R(U,V)V.
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Gradient Descent on the Factors

Starting from (U, Vi), plain gradient descent applies

Ut+1 =U; — ﬁtVUF(Un Vt), Vt+1 =V - ntVVF(Uh Vt)

Using the gradient formulas, this becomes
Ry = Po(U:V,' —Y),
Uir1 = Up — R V4, Vi1 = Vi — R/ Uy

Remarks:
e This is an unconstrained smooth optimization problem.

e Each step only uses the observed entries through R;.

e We never compute an SVD or projection onto the nuclear norm ball.
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Pros & Cons

Assume the observed index set € is sparse, with |Q2| < mn. To compute

R; = Po(UV," —Y),
we only need the entries
(U V,")ij =u v for (i,5) € Q.

Thus the dominant cost per iteration is roughly O(|Q2|r) rather than
working with all mn entries of the matrix.

Pros:
e we store U; and V4, not a full m x n matrix;
e we use first-order updates directly on the factors;

® we avoid the expensive projection or SVD step.

Cons: the objective is nonconvex, and the factorization is not unique:

Uv' =(WUR)Y(VR T for any invertible R € R"™*".
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Initialization

Since the factorized problem is nonconvex, initialization can matter a lot.
A common choice is spectral initialization. Let

Q 1
pi= u, Ay = —Pa(Y).
mn P

Then Ag is a crude estimate of the full matrix.

Compute its rank-r truncated SVD: Ay = ﬁrEﬂA/TT.
Initialize Uy := ffrE%/Q and Vy := @271«/2.

Why this is reasonable?

e |f the samples are uniform, then Pq(Y’) contains an unbiased but
incomplete version of the data.

e The truncated SVD extracts its leading low-rank structure.

e This gives a sensible starting point for gradient-based refinement.
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Theory and Practice

The BM model is nonconvex, but often works very well.

e The convex nuclear norm model gives a global certificate, but each
iteration can be expensive.

e The BM formulation is nonconvex, so global convergence is no
longer automatic.

e However, under suitable assumptions (such as low rank, enough
random samples, and a good initialization), gradient-based methods
can provably recover the underlying matrix.

e |n practice, factorized methods are often much more scalable for
large matrix completion problems.
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Regularizations

The basic BM model is . ,
min 5 [Pa@VT -1,

In practice, one may add regularization, for example

SO+ IVIE) o EuTo vVl

Interpretation:

o |U||% + ||V||3: related to nuclear-norm regularization;

2
o UTU — VTVHF: encourages a balanced factorization.

These regularizers are not for low rank. Low rank already comes from the
factorization X = UV T,
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Wrap-up and Next Week

Week 11: Key takeaways
e Low-rank optimization framework.
® Nuclear norm: convex relaxation for low-rank optimization.
e Frank—Wolfe: projection-free, rank-1 updates, convergence.

e Burer—Monteiro: low-rank by construction, but nonconvex.

Thank you for your attendance!

Questions?

Next week (Week 12): sparse optimization
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