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Outline

Polyak Heavy Ball Method




lll-Conditioning Makes GD Zig-Zag

Key picture: when x = ¢/ is large, level sets is a long narrow valley.

The gradient points mostly toward the valley walls, not the valley floor.
e Step size is limited by the steep direction: o < 1/4.

e Progress along the flat direction is tiny: ~ au = 1/k fraction of the
remaining distance.

momentum




Momentum Helps

Damped running velocity:
V41 = 5’Uk — Osz<l'k>, Tyl = Tk + Vkt1-
e Steep direction: GD tends to overshoot, so that component of

V f(xy) flips sign from one step to the next.
= velocity v cancels these back-and-forth oscillations.

¢ Flat direction: the gradient component changes slowly and keeps a
consistent sign for many steps.
— v, accumulates this consistent drift.

e Intuition: momentum acts like a filter:

damp fast oscillations + reinforce slow drift.

Connection to conditioning: GD is limited by ¢ everywhere, while
momentum makes it behave as if it can take effectively larger steps along
directions governed by p without blowing up the ¢-directions.




Polyak Heavy Ball Method

Polyak’s idea (1964):
Tpp1 =z — oV fzg) + Bk — zp—1). (HB)

Convergence Rate of HB (Strongly Convex Quadratics)

Suppose f(z) := 3(z —z*)TA(z — 2 "), where Apin(A) = p,
= —_ 4 _ (+/F=1)?
Amax(A) =Cand 0 < pu < £. Let o := W ASE and 8 = (\/E+1) where
k = £/, then for any € > 0, HB satisfies:
1 —x*
To — x*

k
Tpy1l — T VE—1
Al () TR
VA1

for some norm || - |
Acceleration: Pick € = ﬁ s0 Vi < e~ V/(1+VR),
Then e #/04VR) < e = k> (1+ &) log! = O(/rlogl).




Numerical Performance

Problem: f(z) = $2' Az, A = diag(¢, p1) with £ =100 and p = 0.01.
Methods: GD with n = ﬁ vs. HB with optimal parameters.

Objective decay on an ill-conditioned quadratic (kappa=10-4)

107 4 —— GD (optimal constant step)
Heavy Ball (Polyak tuning)
104 1

101 -

1072 -

fix_k)

10-5 -

108

10-11

10-14 4

T T T T T T T
0 200 400 600 800 1000 1200 1400
iteration k




Theory of HB

HB update rule: vy 1 = xp — oV f(zr) + B(xr — Tp_1)-

Quadrat
Stacked

ics: f(x) =

iterates:

1
2

Lx—a")TA(x — 2%), so Vf(z) = A(z — x¥).

LTk—1 — X

T — T*
2 1= [ k *] c R,

Then, for kK > 1, we have 2311 = Mzy:

|

Thk+1 — T
T — X

7-

_xk —aVf(xg) + Bz — x—1) — :c*] (a)
I T — X
@y, — aA(zy, — o) + Blag — zp-1) — w*l (b)
I T — x*
[(A+B)I—aAd —BI|[ zf—a*

I 0 1 [xk_l —x*} (c)




Theory of HB

Iterating z;+1 = Mz gives
k
21 = M" 2.

By submultiplicativity of the induced matrix norm,
lzrsr | < IMLE( 2]l < (1M1 |21 ).

For any matrix M and any € > 0, there exists a vector norm || - || with
induced matrix norm such that
IM]| < p(M) +e.

With that norm choice,
2kl < (p(M) + &)¥[|z .




Theory of HB

Key observation: notice that we can write M as

R YA F

M= 0 0 0

=:C =F

Diagonalization: let A = UAU " with A = diag(\1,..., ). Then,
STIMS =C®1I, —aE®A =diag(B(\),...,B(\)),
where S := I, ® U and

B()\) = 1 0

1458 —a —51

Spectrum radius:




Theory of HB

The characteristic polynomial of B(\) is
P —(14+B-—a\Nr+8=0,

The discriminant is
AN\) = (14 8 —aX)? —48.

_ 2
Under the parameters a = <f+\f) and 8 =

A(A)—milf/j)\(; )

O%;
v

<

Hence the two roots are complex conjugates (z, z) with zz = 3. Therefore

2l = VZZ = VB = p(M) = p(B(Y) = VB, VA€ 0.
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More Discussions

Norm Issues: Can we get rid of this non-standard norm which can be
very far from £o-norm?
® Yes, but you need to sacrifice a little, either make p(M) a little
smaller than /3 or obtain
k=0 (\/E (log% + log vk + loglog %))

e HB is has nearly optimal global convergence complexity.

Beyond Quadratics: assume f is -smooth and p-strongly convex
® |n non-quadratic problems, the same parameters can produce
divergence for some initializations [Goujaud et al., 2025].
e For carefully chosen (smaller) parameters, HB converges globally
with the same rate as GD for convex ¢-smooth and strongly convex
(-smooth [Ghadimi et al., 2015].
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Outline

Nesterov Accelerated Gradient Method
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A Simple Fix to HB

Question: How to get a global convergence with acceleration like in HB
beyond strongly convex quadratics?

In 1983, Yurii Nesterov proposed the famous Nesterov's accelerated
gradient method (NAG): for u-strongly convex ¢-smooth f,

{yk = a1, + B(ap — 24—1)
Try1 =Yk — aV f(yr)

Compact form:
Tpp1 = Tp + B(ap — 1) — aV f(xg + Bz — 21-1)) (NAG)

Instead of directly adding momentum using the previous update, NAG
uses the estimated future position to compute the gradient.
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Convergence of NAG

Assumptions: the function f is p-strongly convex and ¢-smooth.

Update: =1 =z + Bz — z5—1) — aV f(xg + Bz — T—1))-

Convergence of NAG for Strongly Convex Smooth Functions

where

Let f be p-strongly convex ¢-smooth. Let a = 1/¢, § = f+1

k=4{/u, and g = z_1, then

k g 2
flxy) — f(z¥) < <1 _ %) (€+M)H§o I

Acceleration: to satlsfy (1 f) ““)”xo il < ¢, it suffices to have
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Theory of NAG

Update: =51 = 2 + B(x — xx—1) — aVf(ag + B(zp — xk—1)).

Lyapunov Function:

1
Er(2) = A(f(zx) = f(2)) + S llww — z|I?,
with a suitable sequence A; and an auxiliary iterate wy.

If we can show &x11(2) < Ek(z) for all z, then:
e Plug in z = z* to get a rate for f(xp) — f*.

e The norm term simultaneously yields a uniform control of wy.
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Theory of NAG

Define: p? :=1 — ﬁ € (0,1); z* = 0 (WLOG).

Lyapunov function:

L
Vi := flag) — 7+ §||$k — pPrp_q]?

One-step contraction: Vi < 0> V.

Notation: uy := %Vf(yk), SO Tg+1 = Yk — Uk-
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Theory of NAG

Step 1: smoothness at yy,

Flin) < P+ F @) —) g [ el = £ ()~

Step 2: expand Vi1

Vigr = f(wgs1) — 5+ §||96k+1 — Pkl
Substitute 11 = yr — ux and regroup terms to get
Vis1 < p°Vi + Ry,
where Ry is an explicit quadratic form in (zx — yx), yx, and ug.

Step 3: strong convexity makes Ry <0
* m % m
flan) =1 = (V) 2e —yx) 2 5||$k—yk||2> Flyw) =172 5 el

and plug p> =1 — ﬁ to verify Ry < 0.

Conclusion: V| < p?V4.

2
)
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Theory of NAG

From Vi1 < p?Vj we get
flar) = [ < Vi < ™o

With x_1 = xo,

o
Vo= f(zo) — f* + §H$0 — pPxo?

L
< Sllaoll® + 5 llzo|* =

Convergence of iterates: by strong convexity,

2 ¢ 1\*
o= a2 < (o) = 1) < o (1= =) oo —a” |
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Convergence of NAG

Assumptions: the function f is convex and £-smooth.

Update: 7341 =z + Bi(2r — 1) — axVf(2r + Be(xr — 23-1)).

Convergence of NAG for Convex Smooth Functions

Let f be convex ¢-smooth. Let a = 1/,

o1 1+4/1+4t2
By == ¢ —

- ) k+1 —
trrt 2

and tg = 1, By = 0, then

< 20||zg — x*|?

fla) - fa) < 0

Acceleration: recall that for GD, f(z)) — f* = O($).
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Theory of NAG

Aucxiliary iterate:

2k = X + (tk — 1)($k — .’L'kfl).

Lyapunov function:

14
Ex(2) = ti(f(wr) = f(2)) + lla — 2[*
Monotonicity: &;1(z) < E;(z) for all z.

Notation: uy := %Vf(yk), SO Tki1 = Yk — Uk-
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Theory of NAG

Key identities:

® g is a convex combination of xj, and z:

s 1(5%*561« 1) = (1*tk 1) k+tk -
e The auxiliary iterate evolves by a GD step:

i =g + L
Zkt1 = Zk — tg41Uk-

One-step descent: for any z, by convexity and smoothness
Flanrn) = f(2) < Cupyyre — 2) = 5llugl|.

Algebraic manipulation: multiply by ¢, and use

2 2
thp1 — ter1 =T, plus zpy1 = 2 — Ly ug,
to obtain

Ei1(2) = E(2) < Ui lup, wp — 2) — i (far) — f(2))-

which by convexity implies E;11(z) < &k (2).

Zk-




Theory of NAG

Set z = z* in &(z) and use & (x*) < Ey(x*):

B(f(ox) — 1) < Eu(a") < Eola*) = Sllwo — 2°|

Lower bound of ¢;: using induction, we can show ¢} > % thus

L 20
fla) = £ < gplleo = "2 < 75 llz0 — 2"
k

Boundedness of iterates:
Iz — 2*||” <

so {z} and {xy} is bounded.

Ex(a”) < fzo — 2*|1%,

SN

Convergence of iterates: proved with the assistance of Al recently
[Bot et al., 2025, Jang and Ryu, 2025].
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More Discussions

Lower bound: Is NAG optimal in terms of convergence rate?
e optimal in terms of the rate.

e not optimal in terms of the constant.

Beyond smooth convex: Do we have acceleration if f is only ¢-smooth?
only C? convex?
e nonconvex f-smooth: still active research
[Gupta and Wojtowytsch, 2024]

e (C? convex: what is the rate on z*? what about #1007
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Wrap-up and Next Week

Week 3: Key takeaways
¢ |ll-conditioning slows GD.

e Heavy Ball (HB): strongly convex quadratics, accelerated factor
Vel o 2
Vel ™ Ve
o Nesterov Acceleration (NAG): a Lyapunov function yields clean
worst-case guarantees:
e convex f-smooth: f(zy) — f* = O(1/k?);
* m-strongly convex f-smooth: f(x;) — f* < (1 —1/y/K)* - Co.

Thank you for your attendance!

Questions?

Next week (Week 4): Subgradient Methods and Mirror Descent
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