MAT2006: Elementary Real Analysis

Homework 3

W. L

ee.

Due date: Tomorrow

Question 5.1-1. Show that

a) the tangent to the ellipse

at the point (xo,yo) has the equation

o
a2

Yo

L

Let’s use brutal method to deal with this problem. Consider the following ellipse,

Yy
N

A

R

=
N

We fix A = (x0,%0), and take B = (xq + h,

B are both on the ellipse. We also denote
(xo+ h/2,yo + h'/2). Then we have

-

yo + h'), where (h,h’) # (0,0), so that A and
the middle point of line segment AB as C' =

2 2
Lo |, Yo
2! (1)
(o +h)*  (yo+h)?
a? + b2 =1 (2)
Subtract (1) from (2), we obtain
(2%0 + h)h (2y0 + h/)h,

a2
If the line segment AB has a slope k, then

h/

k =
h

b2

b2 2170 + h
a? 2y + b

Notice that if 2y, + k' = 0, k does not exist, line segment AB reduces to x = xy. If not, then

1 1
AB : Yy — <y()+ 2h/> =k |:.’I,‘— <.T(] + 2h>:|
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which can be rewritten as
1 / 2 / 2 1
AB: |y-— y0+§h a”(2yo + h') = =b*(2z9 + h) |z — x0+§h

We can see that for the new formula, even if £ doesn’t exist, i.e., AB : x = xq is still included,
hence this formula can represent all AB as long as A, B are distinct points. To obtain tangent
line passing A, by definition, we only need to make B go as closed as A. Hence, take the limit
as (h,h') — (0,0) on both sides, we have

(y — yo)a2y0 = —bzxo(ﬂf — )
Slightly change the order of the above equation, we have

ToT | Yol _ % U
a b2 a?  b?
Since (xg,yo) is on the ellipse, the right hand side of the above equation is equal to 1, which

yields the tangent line
TTo | YYo

a? 1)72:1

b) light rays from a source located at a focus Fy = (—\/a2 — bQ,O) or Fy = (\/a2 — b270) of

an ellipse with semiaxes a > b > 0 are gathered at the other focus by an elliptical mirror.

Again, we only use the most intelligible way to achieve our goal. Denote F; = (—¢,0), Fy =

(¢, 0), consider

where A = (x0,y0). Draw the tangent line going through A, and AD is the line segment
perpendicular to the tangent line, we need to prove ZF1AD = /DAF,. If A = (+a,0), then
LFYAD = ZDAF, = 0; if A = (0,£b), then AF), = AF;, so ZF1AD = ZDAF, is trivial.
If xg = *c¢, i.e., the slope of F1 A or F3A doesn’t exist, then we only consider one case, i.e.,
A = (—c,b*/a), because the other three cases are equivalent due to the symmetric property of

ellipse.

From part a), we have known that the slope of tangent line going through A is —zob*/yea’.
Denote the slope of AD as k = ypa®/xob* = —a/c, and denote the slope of Fy A as k; (if exists),
F> A as ks (if exists). Then we have

ko —k  —b*/2ac+ajc

1+ kks 1+ b2/2¢?

tan ZDAF, =

Substitute b? = a? — ¢?, we have

—12/2
tan ZDAF, — —b2actaje ¢ o /F,AD
1+ b2/2¢2 a
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Finally, we consider the remaining cases, where k, k1, ko all exists.

b - Yoa® Yo by Yo

L=
xob?’ zo+c’ To—C

We need to prove tan /F1AD = tan ZDAF5, where

2 2

k _ k Yoa~ Yo k _ k yi _ Yoa
1 _ z0b? 2r0+c 7 tan ZDAFQ _ 2 _ _®o—¢ _ z0b2

14+ kik 14 %09 _vo 1+kky 1+ 0a? o
o rog—cC

zob? xo+c

tan ZFyAD =

Thus, we have

Yo Yo Yo yod?
xob?  xo+c  mog—c  axgb?
2 = 2
Yoa~ Yo Yoa~ Yo
1+ — 1+ —
+x0b2xo+c +:L‘Ub2x0—c
— Yyoa® Y% 1+ Yoa® Yo — (14 Ya® Yo Yo Yoo
xob?  xo+cC xob? 29 — ¢ xob? xo + ¢ g —c  xpb?
e % @ g _a a oy
2t — 2 mebPad—c?  xgb?  xobtad— 2
L PR @R )+
zob? (23 — ¢2) zob* (23 — ¢2)
. x3b? + a’yg o’V (af — ) + a'yd
b2 n b*
a’b? @b (2 — ?) + a’y?
p— b2 — b4

b} (25 — ) +a’y; =b*
— a’b* - b*c* = V'

This shows that tan ZF1AD = tan ZDAF,, which means /1 AD = /DAF,. Hence, for any
(z0,y0) on ellipse, /F1AD = /DAF,, which completes the proof.

Question 5.1-2. Write the formulas for approximate computation of the following values:

a) sin (% + a) for values of a near 0;

We can use the best linear approximation, i.e.,

SE

Fla) = £(0) + f/(0)(a — 0) = % L V3,

b) sin (30° + a°) for values of a° near 0;

Similarly, we also use the best linear approximation, but be careful about the unit of a.

f@ﬂzﬂwﬂﬁﬂmm%nﬂ=;+fho

or equivalently,

1 v

f(a)—2+%a



c) cos (Z + a) for values of a near 0;

Similar to part a), we have

d) cos (45° 4+ «°) for values of a° near 0.

Similar to part b), we have

o

f(@®) = £(0°) + f/(0°) (e = 0°) =

|

V2,
2

or equivalently,

_ V2 Vo
2 360

fla) =

Question 5.1-3. A glass of water is rotating about its axis at constant angular velocity w. Let
y = f(x) denote the equation of the curve obtained by cutting the surface of the liquid with a plane

passing through its axis of rotation.

a) Show that f'(z) = “’?Qx, where ¢ is the acceleration of free fall.

Consider the following free-body diagram

At dynamic equilibrium, for arbitrary point A = (z,y) on the curve, we have

N sinf = mw?x

N cost =mg
Since we also have J )
tanf = “w_v
dx g

Hence, we have f'(z) = “’Tfa:.



b) Choose a function f(z) that satisfies the condition given in part a).

As we proved in part a), we can just take

2

Then f'(z) = <.

¢) Does the condition on the function f(z) given in part a) change if its axis of rotation does

not coincide with the axis of the glass?

No, the condition will change to f'(z) = “’72(35 +d), where = d (d # 0) is its axis of rotation

and y-axis is the vertical axis of the glass.

Question 5.1-4. A body that can be regarded as a point mass is sliding down a smooth hill under

the influence of gravity. The hill is the graph of a differentiate function y = f(x).

a) Find the horizontal and vertical components of the accleration vector that the body has at

the point (z¢, yo)-
First, the tangent line at (zg,yo) is

y—yo = f'(x0)(x — x0)

Denote the included angle of the tangent line and horizontal line as 6, then tanf = f'(xq).

According to the free body diagram, we know that

mgcost = N

mgsin = ma
Thus, we can solve that a = gsin 6, and the horizontal and vertical components are

a, = gsinfcosf

— g<in?
a, = gsin“0

Since tan @ = f'(xg), we have

_ f/(ﬂ?o)
T T o)’
N ()
Y+ [ (20))?

b) For the case f(x) = 2 when the body slides from a great height, find the point of the

parabola y = 22 at which the horizontal component of the acceleration is maximal.

Let f(x) = 2%, f'(x) = 2z. Consider horizontal component

f'(o) _ g

T+ @R? T o+ )

Ay



Since the sign of f/(z() only indicates the direction of acceleration, we can only consider
positive case. In this way, when f'(zq) = 1, a, will obtain its maximal value g/2. In this case,

Ty = %, and yo = i. Similarly, for negative case, xg = —%, and yg = i.

Question 5.1-5. Set

x, if 0<x<

[t N |

1—x, if —<z

IN

0
1
2
and extend this function to the entire real line so as to have period 1. We denote the extended
function by ¢,. Further, let

ou(3) = 70 (472)

The function @, (z) has period 4=™ and a derivative equal to +1 or —1 everywhere except at the

points x = ﬁ, n € Z. Let

f(x) = pal2)

Show that the function f is defined and continuous on R, but does not have a derivative at any

point.

It is easy to prove that ¢g(x) is continuous on R, because it is continuous on every interval

(n,n+ 1), and we can see @o(n+) = @o(n—) = ¢o(0) = 0 for any n € Z.

Therefore, since every ¢, () can be regarded as a composite function of ¢g(x) and continuous

function, ¢, () must be continuous on R.

We can easily see that every ¢, (z) is bounded, i.e.,|@,(z)| < 0.5-47™. Hence, by Weierstrass

M-Test, the convergence of Y~ 0.5-47™ implies that fi converges to f uniformly, where

fk(x) - Z Qpn(x)

The convergence of f; shows that f is well-defined on R.

Also, fi(x) is continuous because it is the sum of finitely many continuous function. In this

case, f is also continuous.

Fix a real number x and positive integer m, and put

1
Gy =+ 47"
1

where the sign is well-chosen so that no r/2 (r € Z) lies in the interior between 4™z and 4™ (x +9,, ).

1

This can be obtained because 4™(d,,| = 3.

Define

If x coincides with r/2, take positive sign for all m.

_ ©n(4" (2 + 6m)) — pn(4"x)
Yn = 5

When n > m, 4"6,, is an integer, by the periodicity of ¢, (x), 7, = 0. When 1 <n <m,

| = oo @+ 0n) —pn@ ) _ (/™
” o] ol (/i




Since |y,| = 4™, we conclude that

f(l"“(sm) —f(fL‘) io: 1 zm:i

O Tl T L g
n=1 n=1
We can see that 4%% = +1, which means
li 1 #0
nioo 4n 1"
Therefore, the series
>
i
n=1

will not converge, and since as m — oo, d,, — 0, the derivative of f(z) at any x does not exist.

Question 5.2-1. Let oy, ay,...,a, be given real numbers. Exhibit a polynomial P,(x) of degree

n having the derivatives Pk (z9) = ag, k=0,1,...,n, at a given point zo € R.
Suppose the polynomial of degree n is defined as

Po(z) = Ap2™ + Ap12™ 1+ Mz + Ao

Since P,Sk)(xo) =ai, k=0,1,...,n, we have
(1 2 a2 - zg! xy 1T Tax] [ ol
0 1 2z --- (n—1)xg? nag ™! A1 a
00 2 - (n=1)(n-2)az5" n(n — 1)z 2 A2 Qs
(’I’L—l)' ’I’L(’I’L—l)QfI/'(] )\n,1 A1
i 0 n! 1L A ] | an |

Notice that the matrix U on the left hand side is an upper triangular matrix, thus, to solve this
system, we could use backward substitution (Tom Luo taught this technique in MAT2004). Here

U;,; denote the entry of matrix U at i-th row, j-th column.

Qp
/\n =
Urb+1,7n+1
Ay — Z?:W_H Um+1,i+1)\i
A, = forO<m<n
Um+17m+1
n
N — Qp — Zizl Ul,i+1/\i
0=

Ui

Therefore, the polynomial P,(z) with the above coefficients will be the required answer.

Question 5.2-2. Compute f’(x) if



When z # 0,

When x = 0,

Take t =1/h

Similarly, .
f2(0)= lim —— =0

t——oo 2tet®
Hence, f'(0) = f1(0) = f~(0) = 0. In conclusion, f'(x) is given by

o (;) exp <;) for 2 £ 0

0 forz =0

1
x?sin = for z #0
b) f(z)= T
0 forz =0
When z # 0,

1 1 1 1 1
f'(z) = 2xsin — + 2% cos — <—2> = 2zsin — — cos —
x T\ x T

When z =0,

" (0) = lim

= lim hsin% Take t = 1/h

h—+0

Similarly,
int
F.(0) = lim %:o

t——o0

Hence, f'(0) = f1.(0) = f~.(0) = 0. In conclusion, f'(x) is given by
1 1

2z sin — — cos — for z # 0
x x

0 forz =0



c) Verify that the function in part a) is infinitely differentiable on R, and that £ (0) = 0.

Since f(z) is differentiable and its derivative has the form of

<2> exp <—1) for z # 0
HOERANE =

0 forz =0

We assume that (™ () exists and has the form of

" Qg 1
LEZ:l W] exp <_x2> for z #0

7 @) =
0 forz =0

where ay, is some certain constant (we don’t care the exact value, as long as it is fixed for each

k)

By induction, we can compute f"*+(z). When z # 0,

n

O (@) = [f™ ()] = lz % T Z W} P <_x12>

k=1 k=1
B n+1 bk 1
= Z sr2e | KPP T3
k=1
where
— (n+ 2k)ay, k=1

bk £ [2— (n+2k)a, 2<k<n
2ay, k=n+1
We can see that f("*1)(z) is also differentiable (composition, summation and multiplication of
elementary function) and has the same form of our assumption, hence our assumption is true
when x # 0, for arbitrary n.
When x = 0, by definition,

i FO04R) -y ()

A 0=

h—+0 h
Y K Y ).
h—+0 h
. - ag 1
=1 ookl - Take t = 1
o Lz: hn+2k+1] exXp ( h2> ake t =1/h
n tn+2k+1
= lim k=1 . =0
t——+oo et

Similarly,




Hence, f"+9(0) = J(r"H)(O) = f"*9(0) = 0. In conclusion, our assumption is true for all
x € R and arbitrary n. This shows that f(x) is real smooth function (infinitely differentiable)
and f(0) = 0.

d) Show that the derivative in part b) is defined on R but is not a continuous function on R.

Since the derivative in part b) is defined as

1 1
2z sin — — cos — for x #£0

7'(w) = z e
0 forz =0

It is well-defined on R. Now let’s check its continuity at z = 0. Consider the right hand side
limit of f'(x),

1 1
lim f'(z) = lim [stin — CoS }
x—0+ x—0+ €T €T

We can see 2x sin% converges to zero as x — 04, but COS% diverges because when x — 0+, %

goes to +00, and cos(+00) vibrates between [—1, 1]. Hence, f'(x) is not continuous at x = 0.

e) Show that the function

1 1
- — for —1 1
exp< A+ 27 (1—:c)2> or <z<

0 for 1 < ||

fz) =
is infinitely differentiable on R.

The original function can be transformed into

( 2
exp | ———
fz) = (L= a2

0 for 1 < |z|

> for —1l<z<1

When —1 < x < 1, it’s easy to see f(x) is differentiable, i.e.,

1o = ()

Assume that when —1 < o < 1, f(")(z) exists, and has the form (which satisfies the case when
n=1)

(n ZL 0 @k, L‘r o 2
f Z (1 — g2)n+2k eXp (1 - 22)2
where ay, 1, is arbitrary fixed coefficients (some may be zero).

We can see f((x) is differentiable, i.e., f("*1)(zx) exists, and has the form of

- 8x an Qg LiL'L " Zntl bk L.CUL 2
(n+1) _ o . L=0""F, L=0 "F, o
e lZ A=) (1 e "y | o Sy

k=1 k=1
R R A
= (1 — g2)n+2r+s (1 — g2)n+2k+l eXp (1 - 22)2
k=1 k=1
S bi e T, (‘ 2 )
£ (1 — a2) (42 1 22)2
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where by, 1, and ¢, 1, are coefficients that you don’t need to compute. By induction, we conclude
that our assumption is correct, that is, when —1 < = < 1, f(z) is differentiable for arbitrary

n.

When |z| > 1, f(x) is constant function zero, so it is infinitely differentiable, and the derivative

is zero.

Finally, we need to deal with two points £ = 1. Considet z = 1, by definition, using similar
technique as part ¢), we can find that /(1) = 0. Also f/(—1) = 0 for the same reason. Suppose
FU(4£1) exists and also equal to zero, We want to prove f™+1(41) = 0.

By definition,

-S—n+1)(1) — lim f(n)(l + h) — f(n)(l)

h—0+ h
. ZL OakL 1+h) 2
—hﬁwhEZ 1— (11 h2)y2r P\ T a1+ n)2)2
= P,(h) 2
-1 o\ e — Taket =1/h
hl’r&r; Ponvarsa () 0 ( (1-@1+ h)2)2> e /

= Pu(1/t) ( 2t )
= lim — e —exp |~
t—+oo ; Popiar+1(1/t) P (2t + 1)
=0

Similarly, f"*V(1) = 0. Therefore, f™)(1) = 0. You can also show that f"+1)(—1) = 0,

Thus, our assumption is correct, and we conclude that f(z) is infinitely differentiable at x € R,

with
EL =0 Y, LT 2
E: xz%%ep o) frolsw<d

0 for 1 < |z|

§ ) =

The computation of derivative is very tedious, so you can try to avoid such me-

chanical calculations.

Question 5.2-3. Let f € C*(R). Show that for z # 0
1 1 ar 1
I GO B e n_" n—1 -
et (5) = s (1 ()

When n =1,

11



When n = 2,
i o1 (3)] =z (5) -3 (3]
() i)
— _% ! <i) + éf/ <;> + %f’/ <;>
— 1755 (3)

By strong induction, we suppose for all n = 1,2,...,k, we have

d" n—1 1 _ n 1 (n) l
i (7 (3) - ()
Consider when n = k + 1,

i (1 (3)) = e [ (= (0)
i) )
SE (] £ )
Dt () + 4 [0 (1) )
= b1 e 9 (1) =D e (3) - G0 (1)
_ (_1)k+1#f(k+1> (i)

Notice that in step (1), we substitute the original terms for another two terms in our assumption.

One can easily see that when n = k + 1, the formula still holds. Therefore, we finish the proof.

Question 5.2-4. Let f be a differentiable function on R. Show that

a) if f is an even function, then f’ is an odd function;

If f is an even function, then f(x) = f(—=z) for x € R. Consider

S T A G L7 B A
= Jimy t AR

Therefore, f/(z) is an odd function.

b) if f is an odd function, then f’ is an even function;

12



If f is an odd function, then f(—z) = —f(z) for x € R. Consider
f(=z+h) = f(=2)

f(—z) = lim

h—0 h

= lim —fla=h)+ (@) Take t = —h
h—0 h

N (RS Bt
t—0 —t

:ll_{% f($+t1*f({11) :f/(l’)

Therefore, f'(z) is an even function.
c) (fis odd) <= (f is even).

You really need to be careful that for this question, you cannot exchange the

“odd” with “even”.

Since f’ is odd, we have f/'(—z) = —f’(x). We consider

f'(@) = f/(=2)(=1)
f -

[f(x) = f(=2)] —f
() + f'(=2) =0

Therefore, we can see f(x) — f(—xz) = ¢ for all x € R, where ¢ is constant.

Since f(x) is differentiable, f(z) — f(—z) must be continuous at x = 0, i.e.,
f0) = f(=0)=0=¢c

Thus, ¢ = 0, and we have f(x) = f(—=x) for all z € R, meaning that f(x) is even function.

The other direction we have proved it in part a), so we finally have (f" is odd) <= (f is even).

Question 5.2-5. Show that

a) the function f(z) is differentiable at the point xq if and only if f(x)— f(zo) = ¢(z)(x —x0),

where @(z) is a function that is continuous at xg (and in that case @(zg) = f/(0));

We first prove the “if” part. When x — xg, x # xo, we have

lim f@) = f(wo) = lim p(z)

T—rTo xr — X9 T—rTo

Since ¢(z) is continuous at xg, so the limit exist, and

lim f@) = f(@o) = lim ¢(z) = ¢(xg)

T—xT0 xTr — mo T—rTo

Then we prove the “only if” part. Since f(z) is differentiable at z(, we can define a function

A f() — f(wo)
JE) Z ) £ 2
p(r) = L= o
I () if v =z

13



We only need to prove such ¢(z) is continuous at z(, which is equivalent to show

lim p(x) = p(xo)

T—xTo

Notice that the L.H.S. is

r—x0 r—x0 T — X

= f' (o)
which is by definition equal to the R.H.S., therefore, we finish the proof.

b) if f(z) — f(wo) = @(z)(x — x0) and ¢ € C"~V (U(xy)), where U(xo) is a neighborhood of

xo, then f(z) has a derivative (£ (z)) of order n at .

Since ¢ € CY (U(xy)), ™ V() exists and is continuous. We know that (z — x¢) is
infinitely differentiable, thus f(z) = ¢(x)(z — zo) + f(z0) is at least (n — 1)-th differentiable

in the neighborhood U(zg), and by chain rule, we can see

f'(=) = ¢()(z —m0) + p(x)
f'(@) = (@) (@ —z0) +2¢(2)
Fr@) = o V(@) (@ — @) + (n— 1" (2)

We consider f(™(x,) by definition,

£y — tim L) = 1 o)

T—xQ xr — X
i 20T @) (@ = 20) + (0= D" (@) — (0= 1" (o)
T—xo xr — X
-1 (n—2) o -1 (n—2)
— oD (z0) + lim (n—1)p" 2 (z) — (n — 1)p" ") (z)
T—x0 T — X
e (z) — "D (x)

= 0" VD(zg) + (n— 1) lim

T—o T — X
= 0" (@) + (n — 1)V (20)

_ n(p(nfl) (-TO)

Therefore, f(x) has a derivative f(™(z) of order n at xy, which equal to np =Y ().

Question 5.2-6. Give an example showing that the assumption that f~! be continuous at the point

Yo cannot be omitted from Theorem 3 (The derivative of an inverse function).
We can take f:[0,1) U[2,3] — [0,2] which is defined as

T xre[0,1)

fo) = r—1 z€l2,3

Notice that f(x) is continuous on [0,1) U [2,3], and since we define the derivative at endpoint

x =0,2,3 as the left or right hand side derivative, f(x) is differentiable at any point in its domain.

14



We can easily see that f=!:[0,2] — [0,1) U[2,3] is defined as

i x ze|0,1)
() =

r+1 x€ll,2]
It’s obvious that f~1(x) is discontinuous at z = 1, because f(1—) =1 and f(1+) = 2. Since f~!(z)

is not continuous, its derivative does not exist at = = 1, let alone (f~')’(1) will not coincide with

(f2)~"

Question 5.3-1. Choose numbers a and b so that the function f(x) = cosz —

infinitesimal of highest possible order as z — 0.

Using Taylor series, we have

$2 4

T T 4
cosz =1 51 —1—4! + o(z")

Function f(x) can be rewritten as

1l —ax®+ (1+ba?)[1 - 24 Lt o(ah)] _(b—a—1/2)2%+ (1/24 — b/2)z* 4 o(x*)
f(z) = 1+ ba? - 1+ bx?

Since we need to have
@)
1m

z—0 ™

=0

To make n larger, we need to make the lowest order term in numerator as high as possible. Since
we only have two degree of freedom, we can only make (b—a—1/2) =0 and (1/24 —b/2) = 0. This
yields b =1/12 and a = —5/12. Although the exact highest order of infinitesimal is not easy to see,
such a, b indeed ensure you the highest order.

T—00 z+l1

Question 5.3-2. Find lim z [é — (L)m}

Take z = %, we conclude that

, 1 z \1 . 11 1\
lim = |- — =lm-|-—(-——
z—oo | e z+1 t—0 ¢ |e 141

i 1+t —e
t=0 e(1+ )1/t
. et’lln(l-&-t) —e
= a7
et’lln(1+t)71 1
= Ay
t'In(1+¢)—1
im0 (L+ )\t
:hmln(lth) —t
t—0 (1 +t)Y/tg2
1 In(1+t)—t
(1+t)1/t =

= lim
t—0

15



Now we consider the following limit

1 — 1 |
i 2+ -t (A4t —1
t—0 12 t—0 2t
, -1 1
=lm ——=—=
t—0 2(1—|—t) 2

Consider what we have already known

lim(1+t)Yt =e

t—0

Therefore, we conclude that

i 1 r \° i 1 In(l+¢t)—t
m r | — — = l1m
T—$00 e r+1 t—0 (1—|—t)1/t t2

. 1 . In(1+41¢t)—t
= lim im

t—0 (1 4 t)l/t t—0 t2
1
T 2

Question 5.3-3. Write a Taylor polynomial of e” at zero that makes it possible to compute the

values of e* on the closed interval —1 < 2 < 2 within 1073.

We expand e” at « = 0, and we can first figure out that e < 3 by using the definition of e.

Hence,
x 1 ]‘ 2 1 n €£ n+1
e —l-l-ﬂx—i—ix +---+ax + (n+1)!x
For x,¢ € [—1,2], we have
L
(n+1)! (n+ 1) (n+1)!
Solve the inequality
n+1
9x 2 <10?
(n+1)!

We get n > 10, hence the required polynomial is

e£~1+lx+lx2+...+ix10
- 1! 2! 10!

Question 5.3-4. Let f be a function that is infinitely differentiable at 0. Show that

a) if f is even, then its Taylor series at 0 contains only even powers of x;

We have proved in Question 5.2-4 that if f is even, then f’ will be odd, and if f’ is odd,
f” = (f") will be even. Thus, by induction we can see that f™ will be odd if n is odd, f™ will

be even if n is even. The Taylor series of f at 0 is

fla) = £ + L L0 2y S1O)

51 TR
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Since f™ will be odd if n is odd, so for all odd n, f™(0) = 0. Hence, for k € N,

f"0) f20) ,
o 244 (Qk)!xk+.“

flx) = f(0) +

Therefore, the Taylor series of f at 0 contains only even power (if f = ¢, where ¢ is constant,

then it contains 0 power of x, which is also even.)

b) if f is odd, then its Taylor series at 0 contains only odd powers of x.

Similarly, if f is odd, then f(0) =0, f’ is even, and f” = (f’)" is odd. Thus, by induction, we

can see that f™ will be even if n is odd, and odd if n is even. The Taylor series of f at 0 is

1O, SO, 10

flz) =0+ 2

Since f™ will be odd if n is even, so for all even n, f*(0) = 0. Hence, for k € N,

f(x)—fll(;))x+---+mx2k“+---

Therefore, the Taylor series of f at 0 contains only odd power (if f = ¢ = 0, then it contains

0 power of x, which is even, but such case should not be included.)

Question 5.3-5. Show that if f € C©*)[~1,1] and (™ (0) =0 for n = 0,1,2,..., and there exists

a number C such that sup |f™(z)] < n!C for n € N, then f =0 on [-1,1].
~1<2<1

Expand f(z) at xy using Taylor’s expansion, we have

f'(o) f(n) (o)

1! n!

B L FE .
f(z) = f(wo) + (r — x0) +m($—l’0) *

(x—20) -+

Take xo = 0, for some £ € [0, 1] we have
f(n)(()) n f(n+1) (é-) x7z,+1

f'(0)
T A B iy

f(x) = f(0) +
Since f(™(0) = 0 for all n, we have

CFIE)
|f(z)| = mx *

< lell"+]

If -1 <z < 1, for each fixed z, take limit (n — o) on both sides, we have |f(x)| < 0, hence f = 0.
Since f(x) must be continuous on [—1,1], thus f(1) = f(1-) = 0 and f(-1) = f((-1)+) = 0.
Therefore f =0 on [—1,1].

Question 5.3-6. Let f € C™(—1,1) and sup |f(z)] < 1. Let my(I) = in§|f(k)(x)|, where [ is
[S

—1<z<1
an interval contained in (—1,1). Show that

a) if I is partitioned into three successive intervals I, I, and I3 and p is the length of I,
then

mi(I) < i(mk—l(ll) + mk—1(13)>
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Apply MVT on interval I, there exists £ € I, such that
SO () — fET ()

T3 — X1

(3

Since f*(£) > inf |f®) ()] = my(I), we have

F* D (@s) = [0 ()

1) <
my (1) p—

< 2 (#4014 )

1
;(If(‘“‘l)(xs)l n !f(’“‘”(wl)l>

Since for all x1, x3, we have the above relation, i.e., the right hand side is an upper bound of

<

my (1), the least upper bound also satisfies the above relation. Thus, we have

my (1) < i(mkl(fa) + mkl(fl))

b) if I has length A\, then

ok(k+1)/2 Lk
mel) < =3

We prove it by induction. When k = 1, this is obviously true, because sup |f(x)] < 1.
—1<x<1

Suppose it is true for k = n, then for £ = n + 1, we have (Denote the length of I; as |I;|)
1
Mpy1(I) < @[mn(fd) + my ()]
1 |:2n(n+1)/2nn 2n(n+1)/2nn:|

< — +
| 1| |I;|™ | I3

1 1 1
_ 2n(n+1)/2nn7 |: + :|
|| [[L]™ [ 1s]"

Notice that the above inequality holds for any partition of I into I7, Is, I3, so we can take

12| = ;25 and |L] = |I5] =

Therefore, we have
n+1 )

ni
2(n+1) "

1 1 1
My (I) < 27 HD/2pn_— [ + }
+1( ) — |I2| |Il|n ‘Ig‘n

n+12-2%(n+ 1)
A nrA"
2(n+1)(n+2)/2(n+ 1)(n+1)
)\n+1

_ 2n(n+1)/2nn

Hence, we verify that for £k = n + 1, our assumption still holds, meaning that our assumption

is correct. Hence the proof is finished.

c) there exists a number «,, depending only on n such that if | f'(0)| > «,,, then the equation
f(x) = 0 has at least n — 1 distinct roots in (—1,1).

Question 5.3-7. Show that if a function f is defined and differentiable on an open interval I and
[a,b] C I, then
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a) the function f’(z) (even if it is not continuous!) assumes on [a,b] all the values between

f'(a) and f'(b);

We only consider the case that f'(a) < A < f/(b). Let g(x) = f(z) — Az on [a,b], we have
g (x) = f'(x) — A. Tt’s easy to see that ¢'(a) = f'(a) — A < 0, which means g(a) is not the
maximum value of ¢g(z) in [a,b]. Similarly, ¢’(b) > 0 means that g(b) is not the maximum
value of g(x) in [a, b]. However, since g(x) is continuous function on closed interval, so it must
assume its maximum value in [a,b]. Hence, there exist £ € (a,b), such that g(§) assume the
maximum value of g. Since g(z) is differentiable at &, ¢’'(¢§) = 0. Thus, f/(£) = A. We choose

A arbitrarily, so f’(z) assumes all value between f’(a) and f’(b) on [a, b].

The case that f'(a) > X > f/(b) is left as exercise so that you can check whether you really

understand such proof. In conclu

b) if f”(xz) also exists in (a,b), then there is a point £ € (a,b) such that f'(b) — f'(a) =
f(&)(b—a).

Since f’(x) may not be continuous on [a, b], we cannot apply MVT directly. Instead, suppose
such ¢ doesn’t exist. Then let m = W, and f”(x) # m for all z € (a,b). Although
f/(x) may be discontinuous at a or b, f”(x) satisfies intermediate value property on any closed
interval contained in [a, b]. This implies that either f”(z) > m for all x € (a,b) or f"(z) <m
for all z € (a,b), because if f”(x1) > m and f”(x3) < m, then there must exist p € [x1, 2]

such that f”(p) = m, which is a contradiction.

If f”(x) > m for all z € (a,b), then g(x) = f'(x) — ma is strictly increasing and differentiable
on (a,b) and defined on [a, b]. This implies that lim,_,,, g(z) exists and can be a finite number
or negative infinity. If it is negative infinity, then there exists a right half-neighborhood Nj (a)
of a such that for all z € N (a), g(x) < g(a) — 1. Then on closed interval [a,§/2], g(x)
cannot attain all values between g(a) and g(6/2), therefore the intermediate value property
fails, which is a contradiction to the conclusion of part (a), thus lim, ., g(z) must be a finite
number. Then f’(z) must have right-hand-side limit at a. Similarly, f’(z) must also have
left-hand-side limit at b. Therefore f’(x) is continuous on [a,b], and we can apply MVT to

obtain £ such that f”(§) = m, which contradicts to our assumption that such £ doesn’t exist.

The only possibility now is that f”(x) < m. However, using similar argument we can show
that in this case f’(x) is still continuous on [a,b], so MVT implies the existence of such &,
which means our assumption is wrong, i.e., there exists £ such that f”(£) = m, and the proof
is finished.

Question 5.3-8. A function f(z) may be differentiable on the entire real line, without having a

continuous derivative f'(z).

a) Show that f’(x) can have only discontinuities of second kind.

Suppose f’(x) has discontinuity of first kind at a, i.e., both one-side limits exist, but at least one
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of them are not equal to the function value at that point. W.0O.L.G., we can assume this one-
side limit is f'(a+), and f’(a+) # f’(a). Here we only consider the case that f'(a+) < f'(a).

Since f'(a+) < f'(a), there exists £, such that f'(a+) < £ < f'(a). Since f'(a+) is the limit of
f'(z) as x — a+, by definition, for all € > 0, there exists § > 0, such that |f'(x) — f'(a+)| < e.
for all x € (a,a+6). Take e = (§ — f'(a+))/2, so we have a ¢ satisfies the above relation, and

£+ f'(at)
2

f(x) < fllat+) +e= <¢ forall z € (a,a+9)

However, since f'(a+6/2) < £ < f'(a), by what we proved in Question 5.3-7(a), there exists
A € (a,a + 6/2), such that f'(A\) = & This is a contradiction, because we have just proved
that for any = € (a,a +9), f'(z) < . Hence f'(a+) > f'(a).

The contradiction of f’(a+) > f’(a) is similar, and you can prove it to check whether you
understand this. After that, we yield that f’(a+) = f’(a), which contradicts our assumption
that f'(a+) # f'(a). Hence, no discontinuity of first kind can appear in the derivative of some

differentiable function on the entire real line.

b) Find the flaw in the following “proof” that f’(z) is continuous.

Proof. Let zy be an arbitrary point on R and f’(z) the derivative of f at the point .
By definition of the derivative and Lagrange’s theorem

f’(ﬂUo) — lim f(l’) — f(xO) _

Tr—x0 €T

lim f/(€) = lim f'(¢)

rT—T0o

where £ is a point between zy and z and therefore tends to xy as x — xg. O

The flaw lies in the third equality above. Actually the third equality fails if the function is
not continuously differentiable, i.e., f’(x) is not continuous. This is mainly because f'(£(z))
is continuous with respect to x, but not continuous with respect to £&. Combine with what
we proved in part a), f/(£) can only have second kind of discontinuity with respect to &, so
limg_,,, f'(§) may not exist. Hence, even if as © — ¢, £ also tends to zg. we can only take

the limit as x — x¢ but not £ — x¢, and

lim f'(§(x)) # lim f'(§(x))

rT—TQ E—xo

Question 5.3-9. Let f be twice differentiable on an interval I. Let My, = sup|f(z)|, My =

zel
sup | f/(x)| and My = sup |f”(x)|. Show that
xzel zel
a) if I = [—a,al, then
M, 2?>+ad?
! < v M
@)l s 20 XSy,
We consider Taylor’s expansion, when hy # hy and x + hy,z + hs € [—a,al,
1 9 h
fx+hy) = flx)+ f(x)h + Mh% 0<0 <1 (1)

2!
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I (x4 O2h2)

o1 hy  0<6y<1 (2)

f@+ho) = f(z) + f'(x)hs +
Consider (1) — (2), we have

f"(x + O2hs)

hy) — h " 0, h
floy = Lot = St ha)  JHE+ O n3
hi = hy 2(hy — hy) 2(hy — ha)
Thus, by triangular inequality,
_ " 7"
()| < |f(x+h1) — f(x+ ho)l n |f (x+91h1)|h? . \f (x+<92h,2)|hg
|h1 — ho| 2|hy — ha| 2y — hyl
2 (h? + h3)
= Mo + M.
T lh—ho| " 2y —ho|
Let
S N B W
T 8l =
lhi —ha| @ 2|hy — hs) 2%
Then we have
|hi — ho| = 2a

hi + h3 = 2a* + 227
W.L.O.G., we can assume h; > hs, because if not, we can regard h; as hy and hy as hy. Thus,

we can solve

m=atlal m=a—le|
if x € [—a,0], if x € [0, qal
hy = —a + |z hy = —a — |z|
One can check that such solutions truly satisfy = + hy,x + hy € [—a,a]. Therefore, we have

finished our proof.

M, < 24/ MyMs, if the length of T is not less than 2/ My/ M,

M, < \/2MyM,, if T =R

If the length of I is not less than 21/Mq/Ms, let I = [a,a + [], then we take h; = a+ 1 — z,

hy = a — x, where = € [a,a + {]. Then from part a), we have

2 (h? + h3)
"(z)] < ——— My + ~L 2.0,
/@) < Mo+ g
Thus, the above inequality means for all [, we have
2 12 +2hih 2 12 2 I
|f/(£1?)| < YMO + T”MQ < YMO + 2*1M2 - TMO + §M2

since hihe < 0. Take | = 24/ My/M,, we have

M, = sup |f'(z)| < 2/ MyM,

xzel

Note that if I is not closed, then we just take [a + €,a + | — €], and then take limit as € — 0,

we will obtain exactly the same answer.

If I =R, for any hy, take ho = —hq, then we have

1 h
|f'(z)] < EM() + §M2
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Let hy = \/2My/ My, we have

M1 = sup |f/(.7,')| S 2MOM2
xzel

¢) the numbers 2 and /2 in part b) cannot be replaced by smaller numbers;

First, consider f(z) = 22? — 1 on I = [—1,1]. We can check that My = 1, M; = My = 4 on
[—1,1], and the length of I is 2, which is no less than 2,/1/4 = 1. And 4 = M; = 2/ MyM, =
24/1 - 4. Since the equality can be obtained, this 2 cannot be replaced by smaller number.

Second, consider the following function,

1 (2 +1/2)?
1+ (z+1/2)2

1
4z +1/2)2—1 if -5 <e<0

1
if x < —=
ifx < 5

f(lE): 1

—4(x —1/2)* +1 if0§x§§
1—(z—1/2)? , 1
Tf@_1/22 %23

For this function, it’s easy to see that its range is [—1, 1] on R, so M, = 1. Take the first order
derivative, one can verify M; = 4 and also M, = 8 by taking the second derivative (A little
bit tedious for rigorous proof, but quite intuitive if you draw the graph of the function). This
shows that

4=M =+2MM,=v2-1-8=4

Since the equality can be obtained, this /2 cannot be replaced by smaller number.

d) if f is differentiable p times on R and the quantities My and M, = sup | fP)(z)| are finite,
z€R

then the quantities M, = sup |f*)(z)], 1 < k < p, are also finite and
z€R

M, < Qk(p*k)/2M01*k/PMIl)€/p

The case when p = 2 is proved in part b), now we assume what we need to prove is true when

p=m,ie,forl <k<m-—1,
Mk < 2k(m—k)/2M5—k/mM:§:/m

Also, you should know how to prove M,, < \/2M,, 1M,,y1 (m > 1) in general, by using
similar method in part a), and setting the same value to hi, ho as part b) (This is a good
exercise for you to check whether you really understand such method.) Suppose you have

proved it, then we have

M, < \/2M,,_1M,, ;1 < \/2 . Q(mfl)/QMOl/mMg;l/mMerl

Solve M,, (Notice that there is a My, /™ term on right hand side!), we have

m 1/(m+1 m/(m-+1
M, < 22\ /04D pm me)
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Substitute it into our assumption, we have

M, < 2k(m—k)/2MO1—k’/mM71L€/m

< 2k(m—k)/2M&7k/m2k/2M(l)C/[m(m+l)}Mrl:l/+(T+l)

< Qk(m+1*k)/2M01*k/(m+1)M:l/iqﬂrl)

which shows for p = m + 1, our assumption still holds. By induction, the proof is finished.

Question 5.3-10. Show that if a function f has derivatives up to order n 4 1 inclusive at a point

xo and f"+Y(x4) # 0, then in the Lagrange form of the remainder in Taylor’s formula

ro(zo; ) = %f(") (xo+0(x — xp)) (& — zo)"

where 0 < 6 < 1 and the quantity § = 6(z) tends to = as & — .

Apply Taylor’s expansion to order n — 1 and n at © = xq, we have

" (n=1)(p () (g xr—x
@) = 1oy + E 0 — ) o L ey L0l 200 e
and ) (nt1)
flx) = f(xo) + / (1:!60) (x —x0) + -+ + m(x — )"+ 0((x - a?o)”+1)
Use the second one to subtract the first one, we have
f(nﬂ)(xo)

F (2o 4+ 0(z — x0)) — ™ (x0) = (z — x0) + o((z — 20))

n+1

Divide both sides by 6(x — ), and rearrange the equation as follows

(n+1)
f (1’0) +0(1)
0 — n+1

F (o + 0(x — 0)) — [ (o)
O(x — x0)

Take © — g, 0(x — x9) — 0, we have

f(n+1)<$0)

1
f(n+1)<$0) n+1

Question 5.3-11. Let f be a function that is differentiable n times on an interval I. Prove the

following statements.

a) If f vanishes at (n 4 1) points of I, there exists a point ¢ € I such that f(™(¢) = 0.

Suppose f vanishes at ©; < x93 < -+- < x, < Tpy1, and all x; € I. Apply Rolle’s theorem
to each interval (z;,z;11), we can find zq,...,z, such that x; < 23 < 29+ < 2, < Tpy1,
and f’(z;) = 0. In this case, all z; will lie in I. Now apply Rolle’s theorem to f’(x) on each
interval (z;,z;11), we can find wy,...,w, 1 such that z; < w; < 23+ < w,_1 < z,, and
f"(w;) = 0. By induction, we can continue this process until we find & < &, & € I such that
F=D(&) = 0. Again, using Rolle’s theorem, we can obtain & € (£1,&,), such that £ (£) = 0.

Thus, we proved the Generalized Rolle’s Theorem.
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b) If z1,xs,...,2, are points of the interval I, there exists a unique polynomial L(z) (the
Lagrange interpolation polynomial) of degree at most (n — 1) such that f(x;) = L(z;), i =
1,...,n. In addition, for € I there exists a point & € I such that

f(@) - Lia) = E=T) (8 20) oy

n!

The existence is easy, since we can find one polynomial as follows

= f(zr) Lo i(z)

where, for each k=1,...,n,

L) = (x—x)(x—x2) - (x —xp_1)(x —p) - (. — xp) )_H((m_xz)

(zr — 21) (@ — 22) - (T — 1) (T — Tpg1) - (T — T, i1 Tk — ;)
ik
It’s obvious that
1 ifi=k
Ln,k(xi) =
0  ifitk
Hence, we can easily verify that P(xz;) = f(x;) for i = 1,...,n. Also, this polynomial is of

degree n — 1, because each L, j is of degree n — 1.

To prove the uniqueness, assume that Q(z) is another polynomial of degree n — 1 agreeing

with f at x1,...,x,. Consider the polynomial D = P — @), we have

D(zy) = P(xg)—Q(zg) = f(ag) — f(z) =0 fork=1,...,n

Thus each zy, is a root of D(x) with at least multiplicity one, which means
D(z) = (x — 1) -~ (x — 2n) R(z)

where R(z) is another polynomial. However, this is impossible, because D(z) is at most of
degree n — 1, and now you need degree of at least n to obtain n roots with multiplicity one.
The only possible is that R(x) = 0, which means D(z) = 0. Hence Q(x) = P(z), showing that

P(x) is unique.

Therefore, such P(x) is exactly the L(z) we need to find. Finally, we need to prove L(x)

satisfies
(x—a1) - (x—xp)

f(z) = L(z) = F(E)

n!

Note that if x = xy, for any k = 1,...,n, then f(z;) = L(xy), and choosing any ¢ yields the

above result.

If x # xy, for all k = 1,...,n, define ¢g(t) on I, such that

o) = £(6) ~ L) - [f(@) - L) ][ ; t‘%

33‘—.1‘
i=1 v
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It’s easy to see g(t) € C™(I), and for t = xy, g(x;) = 0. Moreover,

(x — ;)

@—z) "

=

g9(x) = f(z) — L(z) — [f(2) — L(x)]

Il
_

3

Hence, g vanishes at n 4 1 distinct numbers x, xq, . ..
¢ € I, such that g™ (¢) = 0. Thus,

,Tn. By part a), there exists a number

0=g™ (&) = () - LME) — [f(z) - L(z)] fa lH (x — ;) ]
Y=g

dt" +1
i=1

Since L is of degree n — 1, so L™ (t) = 0. Also, the last term is a polynomial of degree n, so

its derivative is just the product of its leading coefficient and n!, i.e.,

A" | Ay (t— ) B n!
R G e T, (x — )

Therefore, we could yield

which is equivalent to

f(x) - Liz) = @) p g

c) f vy < 2y < --- < x, are points of I and n;, 1 < i < p, are natural numbers such that
ny +ng+---+n, =nand f(k)(xi) =0 for 0 < k < n; — 1, then there exists a point £ in the
closed interval [z, x,] at which f(*=1 (&) = 0.

Since nq + ng + - -+ + n, = n, for all n;, we have 0 < n; < n. Denote m; as the number of j

such that n; = 7. Therefore,

For simplicity, we define S;, = Z?:k m,;, then the above equation is equivalent to
04+ S +S+=Y Sp=n

In this case, we can choose Sy points z{ < --- < z§ out of z; (hence these points are distinct),
such that f(z)) = 0. By Rolle’s theorem, there exists S; — 1 points z{ < --- < z§ _;, such
that f'(z}) =0, and each z lies in the open interval between 2 and z?, ;. Notice that except
for the S; — 1 points we find, originally there exists Sy points which are the roots of f'(x).
These Sy points are all distinct from the previous S; — 1 ones (This is essential, you should
consider the reason). In total, we have S; + S — 1 distinct roots of f’(x), meaning that
we can find Sy + Sy — 2 points 2§ < --- < 23 g _, such that f”(z}) = 0, where z? lies in
1

open interval between z;

Sy +---+8, 1 — (n—1) points such that f~V(z'~') = 0. Again, don’t forget originally you

and z},,. By induction, you can proceed this process until you find
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have S,, points satisfying the same condition. Hence, the total number of points that satisfies
fOD (@) =01s

Si+-+S 1+S,—-(n—-1)=n—-(n-1)=1
Obviously, such & = 277! lies in [21, 7).

d) There exists a unique polynomial H(z) of degree (n — 1) such that f%*)(z;) = H® (x;)
for 0 < k < n; — 1. Moreover, inside the smallest interval containing the points x and z;,

i=1,...,p, there is a point & such that

Fla) = Hiz)+ Em2) )™ o g

n!

Suppose there is H(x) such that
H(z) = ap+ a1z + agx® + -+ ap_12" "

Then for each i and k, f*)(x;) = H®(z;) is one equation, and we have n such equations in

— —
total, so we can form an n X n linear system A7 = b, where 7 is the coefficients of H(z), b
is all f*)(x;). If we can prove A is nonsingular, then 2 is unique, and H (x) must exist and is

unique.

To prove A is nonsingular, consider its null space, A7 = 0. This shows H® (x;) = 0 for all
i,k. Thus, H(z) = C(x)Y."_ (x — x;)™. Since H(x) is only of order n — 1, C'(x) can only
equal to zero, meaning that H(z) = 0. Thus, 7 = 0. Since the null space of A only contains
the trival element, its rank is zero, meaning that the column space of A is of rank n. Thus, A

is full rank and full rank matrix must be nonsingular.

Note that if x = x;, where n; > 1, then for any i, f(x;) = H(z;), and choosing any & yields

the above result.

If # # x;, where n; > 1, then we define g(t) on I, such that

g(t) = f(t) — H(t) - [f(z) *H(x)]ilj[lm
Similar to part b), you can verify that g (z;) =0 forany i =1,--- ,pand 0 < k < n; — 1.
Notice that g(z) = 0, so we can denote = as x,41, with n,41 = 1, then ny +---+n,41 =n+1.
By part c), there exists a £ € I'* where I* is the smallest interval containing z;, i = 1,--- ,p+1,
such that ¢(™ (¢) = 0, which means

0=46) = 1) - 0 - [f(x) ~ H(z)) [H ((j;j“)]
i=1 g t=¢
which is equivalent to say
0= £6) - @) ~ HI ] (5
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Therefore, we have

Question 5.3-12. Show that

a) between two real roots of a polynomial P(z) with real coefficients there is a root of its

derivative P’(z);

We only consider when two real roots are different, for the case that they are equal, see part
b). If 21,z are two real roots of P(x), we have P(x1) = P(z3). Since P(x) is a polynomial,
it is continuous and differentiable on R, so we can apply Rolle’s Theorem, which means there
exists £ € (x1, z2), such that P’(§) = 0. Hence, between two real roots of P(z) there is a root
of P'(z).

b) if the polynomial P(x) has a multiple root, the polynomial P’(x) has the same root, but

its multiplicity as a root of P’(z) is one less than its multiplicity as a root of P(z);

Suppose this root has multiplicity of order m > 2, then it can be written as
P(x) = (z — x0)" P(x)
where P(zo) # 0. Take the derivative, we have
P'(z) = m(z — 20)" " P(x) + (& — 20)" P'(w)

Thus, we could yield P'(xg) = 0+ 0 = 0. Hence, the polynomial P’(z) has the same root as
P(z).

Since
P'(z) = (z — 20)™ ' (mP(z) + (z — x0) P'())

we consider a new polynomial R(x), where
R(w) = mP(@) + (z - w0)P'(2)
One could easily see that R(xo) # 0 because
R(z0) = mP(0) + (xo — x0) P'(x) = mP(z) +0 #0
Thus P’(x) only has root xy of order m — 1, which is one less than that of P(z).

c) if Q(x) is the greatest common divisor of the polynomials P(x) and P’(z), where P’'(x) is
the derivative of P(x), then the polynomial % has the roots of P(x) as its roots, all of them
being roots of multiplicity 1.

From part b), we know that if P(z) has a real root zo, then we have P(z) = (z — o)™ P(),
where P'(x0) # 0. Also, we can write P'(z) = (z — )™ ' R(x), where R(zo) # 0. This shows
that their great common divisor Q(z) = (z — 20)™ 'Q(z), where Q(z) # 0.
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Consider B N
P@) _ (o—5)"P) _ (o -w)P()
Q@) (z—w)m1Q(x) Q(x)
We can obtain that P(zq)/Q(zo) = 0/Q(x0) = 0 because Q(x¢) # 0. Hence, the polynomial

P(z)/Q(x) has the same roots of P(x). Also, we can write

P) _, Pl
Q@) ~ ™50
where P(zo) # 0 and Q(x) # 0, thus P(z0)/Q(zo) # 0. This proves that the roots of gg;

only have multiplicity 1.

Question 5.3-13. Show that

a) any polynomial P(z) admits a representation in the form co+ci(x —x0) +- -+ ¢, (z — )™

Apply the Taylor’s expansion to any polynomial P, (z) with Lagrange form of remainder, we

have
" A (k) T ( 1)
) = Han)+ 1)z —a0) + Lt ooyt LI s L e
However, here f = P,(z) and if k > n, f*+9(z) = 0. Hence,
" (n)
Py(z) = f(zo) + f'(z0)(z — 20) + ! éffo) (x—x0)* + -+ fT(fL’o)(z —z0)"

Denote ¢g = f(x0), c1 = f'(0), and so on, we can conclude that for any P,(z), we have

P.(x) = co + c1(x — z0) + ca(x — 20)> + -+ + cn(x — 20)"

b) there exists a unique polynomial of degree n for which f(z) — P(z) = o((z — z)") as

E > x — xzy. Here f is a function defined on a set F and xg is a limit point of FE.

(Here f(x) must be at least C™ function. Hence the existence can be ensured by

Taylor expansion.)

Suppose there exist two polynomials satisfies the condition, denote them as Px) and Q(x).
Then we have
D,(z) = Pz) — Q(z) =o((x —z0)") asz — g

Since D, () is a polynomial of degree n, we can write
Dn(x) - an(x - mO)n + afn—l(aj - xO)nil +---+ Qg
Since Dy, (z) = o((z — xo)") as @ — xo, we have

lim an(r — x0)" + ap_1(x —20)" 1+ -+ ag

=0
z—T0 (aj‘ — 3}0)"

However, this is true only if all coefficients are zero, because if there exists some nonzero

coefficient(s), then the one with the highest order of n in denominator will be the dominant
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term, and since all terms above tend to infinity as x — =z, it will never vanish. Hence, all
coefficients are zero, D,,(z) = 0. This shows P(z) = Q(z), which means there exists a unique

polynomial.

Question 5.3-15.

1

T

1 < 1 1 1
nlte “a\(n—-1)* no

a) Applying Lagrange’s theorem to the function , where a > 0, show that the inequality

holds for n € N and o > 0.

Applying Lagrange’s theorem to the function I%, for n > 2, we have

Fm) = Fn—1) = F(©)ln — (n— 1] — (1 - 1) g

n® (n—1)

Since a > 0, we have —af*! is increasing for £ € [n — 1,n], which shows

1 1 «
= < _
n®  (n—1)*) = notl

Slightly rearrange the terms we will obtain
1 1 1 1
< — S —
nte " a\(n—1)* no

b) Use the result of a) to show that the series
n=1

n%, converges for o > 1.

Using what we prove in part a), let 0 = a + 1 where a > 0, we have

oo o0

> < 2o (G )

n=1
o1 1
=14 1lm —(1-—
n—o00 (¥ n«

1
«

1
no

o0
Hence positive series > - converges when o > 1.
n=1

Question 5.4-1. Let z = (z1,...,2,) and a = (o, ..., ap), where 2; > 0, a; > 0fori =1,...,n

and > «; = 1. For any number t # 0 we consider the mean of order t of the numbers x1,...,x,
i=1
with weights o:

n l/t
Moo, ) = (z )
=1

%, we obtain the harmonic, arithmetic, and quadratic means

In particular, when ay = --- = a,, =
for t = —1,1, 2 respectively.

Show that
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a) lin(l) M(x, o) = 7' --- 20, that is, in the limit one can obtain the geometric mean;
—

If one of x;, say xy, is zero, then we need to consider the left and right limit separately. If
t > 0, then 0 = 0; if t < 0, then 0* = co. We can see

1/t
n
t t
M(z, o) = E oy + a0
i=1
i#k
Thus,
1/t 1/t
n n
: t t o t _
lim E oy + a0 = lim g 0Ty =0
t—0+ t—0+
i—1 i=1
i#k i#k
because

1 . t: —
t1—1>%l+Z;aZxZ 1—ap<1
ik
and 1/t — 4o00. However, for the left limit, we need to be careful,
1/t

lim Z aimﬁ + a;,0° = lim (Ozk()t) e _ 0

t—0—

Although 0* is not defined when ¢ < 0, but we can regard f(t) = (0/)*/* = 0 as a function

defined on t # 0. Hence, we conclude that when there exists x; = 0,
Q41 anp

lim M, (z,a) =0 =2 --- 23" . 0% . ¢ ez
m t(z, @) 1 k1 1 n

If all x; is nonzero, it would be a standard problem, we first take logarithm and then apply
L’Hopital’s rule, then

1
lmé (El az:g) = exp {llﬁé " In (El a1:v1> }

b) lim M;(z,a) = max x;;
t—+oo 1<i<n
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This is also standard, suppose there x # 0 is the largest one (not necessarily unique), then

n 1/t n t l/t
m (Sawt) = tim (230 (
L ( “) =, (xk “ <xk> )
1=

i=1

n ¢ 1/t
_ : [ F
= Tk tilinoo (Z; i (.’L‘k> >

= T = max x;
1<i<n

This is because x;/x; < 1, and

Hence, we have (notice that a; > 0)
N o 1/t
Z Ly .
t—-+o00 t—+o0 P Tk t—+oo

If z;, = 0, then all z; = 0, and M;(x, «) = 0, which obviously satisfies what we need to prove.

) Jm, Milz,0) = mip o

If none of x; is zero, then it is similar to part b), suppose z;, is the smallest one (not necessarily

unique)
" 1/t " —1/t
lim Zawﬁ) = lim (Zawﬂ)
t——o0 (i—l t——4o0 P
n T g\ Tt
i =t A
tlg-noo (xk Zal <(Ek> )

i=1

n ¢ -1/t
ot (S (2
_xktilinoo(‘1az<xi>>

=, = min x;
b lien !

This is because zy/x; < 1, and

n AN
T —1/t . T . —1/t _
= > E i | — > =
1 tlgknoo & - tlzrléo ( i <.’£k> ) - tlgknoo 1 1

When some z; = 0, then z;, = 0 must be the smallest one. When ¢ < 0, we assume that

0! > 2! for any nonzero z;. Then
K3

n n
ai0t < Zaixﬁ < ZaiOt =0t
i=1 i=1

which implies

t——o0 t——o0 t——o0

" 1/t
0= lim (440" > lim (Zamt> > lim (07 =0



Hence, we have

n 1/t
lim g aixf =0=2x, = min z;
t——oo 2 1<i<n

d) M;(z,«) is a nondecreasing function of ¢t on R and is strictly increasing if n > 1 and the

numbers z; are all nonzero.

If n =1, My(z,) = x1, which is constant function, hence it is a nondecreasing function. If
some x; is zero, then M;(z,a) = 0 for all ¢ < 0. The reason is the same as part c), for all

t <0,

1/t
0=a/"-0> (a,0)"" > <Zam> > (07" =0

If all z; is nonzero, then we can apply standard procedure. Consider

g(t) = ln (Zaaz)

We can show that

0= [ Bt (o)

L i qirflnmg ¢
h(t) = .W—ln Zaw

Denote

We can show that

t n n
B (t) = STt (2_: ozt In? xl> (;a ! ) (Za ! lnml>
By Cauchy-Schwarz inequality (let u; = \/a;zt lnx; and v; = \/a;z!), we can conclude that
R'(t) > 0 when ¢t > 0, h'(t) < 0 when ¢t < 0. Hence, h(t) decreasing when ¢ < 0, increasing
when ¢ > 0. Since h(0) = 0, h(t) > 0 for ¢ # 0. Thus ¢'(t) > 0 for ¢t # 0. Hence, g(t) is strictly
increasing when ¢t < 0 and ¢t > 0. In conclusion, M,;(z, «) is strictly increasing when n > 1 and

all z; > 0.

Similar procedure can be applied to the case that some z; is zero for ¢ > 0, and the result
shows M, (z, «v) is still strictly increasing when ¢ > 0 (You can just delete those terms that has
zero x;, because 0° = 0 for ¢ > 0). However, previously we show that it is constant zero when

t < 0, we can only say it is a nondecreasing function for ¢t on R.

Question 5.4-2. Show that |1+ x| > 1 + px + ¢,p,(z), where ¢, is a constant depending only on

D,
|z|? for |z| <1
op(z) = ifl<p<?2
|x|P for |z| > 1

and ¢, (z) = [z|” on R if 2 < p.
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Since when = = 0, ¢,(0) = 0, the inequality always holds, so we don’t consider that trivial case.

First we consider when 1 < p < 2. For |z| <1, let

(I4+2z)P—1—pz

p(x)
We want to find the minimum value of it. Take the derivative, we have

¢ (x) = %, where g(z) = pr(1+2)* ' +pz — 2(1 + )P + 2

g'(x)=pp—1De1+z)P 2 +p—pA+2z)P', and ¢"(z) =plp—1)(p— 2zl +z)"°

Since 1+x > 0, we know that when = > 0, ¢”(z) < 0; < 0, ¢”(x) > 0. This means ¢'(x) increasing
on [—1,0), and decreasing on (0,1]. The maximum value of ¢'(z) is ¢’(0) = 0. Hence ¢'(x) < 0,
meaning that g(z) is decreasing on [—1,1]. But g(0) = 0, meaning that g(z) > 0 on [-1,0); g(z) < 0
on (0,1]. Hence, ¢'(x) < 0, and ¢(z) is decreasing on [—1,0) and (0,1]. Apply L’Hopital’s rule,
we can verify that ¢(z) only has removable discontinuity at = = 0, so ¢(z) is decreasing on [—1,1].

The minimum value is ¢(1) = 2P —p — 1.
Although it is tedious, but we can do the same thing for £ > 1 and x < —1. For « > 1, we let

_ (I+z)P—1-px
= "

()

Similarly, we have

o (z) = py()

1 Where gx)= -1 +2)P "' —x+1+px
x

Also,
g@)=p-1)1-1+2)"?>0

But since ¢(0) = 0, so g(z) > 0 when x > 1, meaning that ¢'(x) > 0. Hence ¢(x) is increasing on

(1,00). Let’s consider when z — oo,

1\? 1
lim ¢(xz) = lim <1 + ) — lim — — lim =1
T—00 T—00 o z—o0 P z—oo P!
This means on (1,00), 1 > ¢(z) > ¢(1) =27 —p — 1.
For x < —1, by exactly the same method, set

_ (-1—2)» —1—pzx
e

We can show that there exists a unique z, (only depends on p) such that ¢(x) increasing on (—o0, x,,)

¢(x)

and decreasing on (z,, —1). Check the limit when x — —o0, we have

lim ¢(x) =1
T——00
Hence ¢(x) > 1 on (—oo, —1), and since ¢(—1) > ¢(1) = 2P —p—1, we conclude that when 1 < p < 2,
the minimum value of ¢(z) for x € R is 2 —p—1. Thus, the maximum we can take is ¢, = 2P —p—1,

which only depends on p.
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Then we consider p > 2. When x > 0, define

(142 —1-px
= "

¢(x)

Similarly, we have

o (z) = pg(x)

= — > where g(x)=—(1+2)P " —x+1+px
T

Also,
g@) =@-1)1-1+z)P? <0

Since ¢g(0) = 0, so g(xz) < 0 when z > 0, meaning that ¢'(z) < 0. Hence ¢(z) is decreasing on
(0,00). Now you need to be careful, because the discontinuity of ¢(x) at 2 = 0 is not removable,
actually when x — 04, by L’Hopital’s rule, we have

1\"°
lim ¢(z) = lim <1 + x) = 400

r—04 z—04

The limit of ¢(x) as © — oo is the same as before, which is just 1. Hence, ¢(x) > 1 for x > 0.

Finally, when z < 0, we need to further separately consider when z < —1 and z € [-1,0). For

the case x € [—1,0), we define
(I 4z)P—1—px

You can easily check that ¢(z) is increasing on [—1,0), and the limit as 2 — 0— is also +o00. Hence,

the minimum is obtained by ¢(—1) = p — 1 > 1. Thus, the global minimum is not in [—1,0).
Consider if z < —1, we define

(=1—2)» —1—pzx
(o

¢(x) =

We have

o () = py(z)

o where g(z) = —(-1—z)P '+ 2 —1—px
x

If we consider
g(@)=@p-D[(-1-2)7* -1 >0

Then ¢/(z) is increasing on (—oo,—1), and ¢'(—=2) =2p —4 >0, ¢'(—6) = 6p — 7 — 57~! < 0. For
the second inequality, consider h(p) = 6p —7 — 57~1 h'(p) =6 — 51 In5 < h'(2) =6 —5In5 < 0,
so h(p) decreasing when p > 2. But h(2) = 0, so h(p) < 0. Thus, ¢'(z) = 0 has a unique solution
x, in (—6,—2) for any p > 2, where z,, only depends on p. We also know that ¢(z) is decreasing
on (—oo, z,) and increasing on (x,, —1). Since we know that ¢(z,) < ¢(—2) = p/2P~ < 1, so x,, is
the global minimum. (Also, you can show that the limit of ¢(z) as x — —oo is 1.) In this way, the

largest ¢, we can take is ¢, = ¢(z,).

Actually, we can find that ¢(x,) < ¢(—2) = p/2P~!, taking p — oo, we have ¢(x,) < 0. But
¢(z) is always nonegative, so the limit of ¢(x,) is zero. Thus, the largest ¢, we can take will tend

to zero as p grows, and xz, will tend to —2.

Question 5.4-3. Verify that cosz < (M)B for 0 < |z| < 3.

x
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Consider the function f(z) for |z| < 7 defined by

sinz
f@) = (cosz)1/3 v
Take the first derivative, we have
() = (cos z)*/3 4 (1/3) sin® x(cos z) 2/ .

B (cosx)?/3

_ (cos z)3 +(1/3)(1 —(cos2 fQ)/(Bcos x) 723 — (cos x)*/? Take £ = (cos 2)2/®
oS T

3t (1—17) —3¢t7

B 3t

2t +1)(t —1)°
= % Since t € (0, 1)

>0

Therefore, f'(x) > 0 for 0 < [z| < 7, meaning f(x) is increasing on (—7, 7). Notice that f(0) =0,
hence f(x) >0 on (0,5) and f(x) <0 on (—7,0).

When z € (0, %), we have z° > 0 and cosx > 0, so

sin x sin x sin” x 3 sin” @
5 > 0= ——z > = >’ = ——— >cosw
(cosx)l/ (cosx)l/ cos x

When z € (—3,0), we have z° < 0 and cosx > 0, so

. . . 3 .. 3

sin sin sinz sin”
e < 0= e <z = <2’ = —5— >cosx
(cosx)l/ (cosx)l/ cos x

Therefore, for 0 < |z| < 7, we have

Question 5.4-4. Study the function f(z) and construct its graph if
a) f(x) = arctanlog, cos (mc + %);

b) f(x) = arccos (% — sin x);

¢) f(z) = Yx(x + 3)%

d) Construct the curve defined in polar coordinates by the equation ¢ = ﬁ, p > 0, and

exhibit its asymptotics.

e) Show how, knowing the graph of the function y = f(z), one can obtain the graph of the
following functions f(z) + B, Af(x), f(z +b), f(az), and, in particular —f(z) and f(—x).

Question 5.4-5. Show that if f € C(a,b) and the inequality

f (xl ;xz) < f@) -QF f(xs)
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holds for any points x1,zs € (a,b), then the function f is convex on (a,b).

We need to prove for all x € (a,b), the inequality

fOz+ (1= Ny) <Af(@) + (1= Nf(y)

holds for all A € [0,1]. First we only consider if A = %, where n =0,1,... and k € N, k < 2",

When n =0, A = 0, 1, the inequality is obvious correct. Whenn =1, A =0, %, 1, the inequality

is also true because of the hypothesis in the question. Hence, we suppose it is true for n, and we
attempt to verify it is also true for n+ 1. For any A = QH%, if k is even, then write k = 2m, we can

reduce A to g%. This must hold because of our assumption.

If k is odd, then write k = (k —1)/2 4 (k + 1)/2, denote s = (k —1)/2, t = (k+ 1)/2, and we
have integers s,t € [0, 2"].

where p = 2%, ¢ = 2. Thus, we have

FOz+(1—=Ny) =f (Wﬂl—p)y];[qwr(l—qw])

fpx + (1 —p)y) + flgz + (1 - q)y)
2

pf(z) + (A —p)f)] +laf(z) + (1 —q)f(y)]
2

Py (1 - p”) )

<

<

2 2
=Af(@) + (1= A)f(y)

Hence, by induction, we proved that for any n, the Jensen’s inequality holds for A =
keN, k<2m.

k

5w, where

Now consider function g(A) : D — R, where D is unknown and

90N = M (@) + (1= NF(y) — fO + (1= A)y)
Since f is continuous, it is easy to check g is also continuous. The pre-image of [0, +00) (closed set)

k
on

closure of {£}, which is exactly the interval [0,1]. Hence for any X € [0,1], g(\) > 0, which shows

Af(x) + (A=A f(y) = fAz+ (1= A)y)

Therefore, f(z) is convex by definition.

under g must be closed. Also, the pre-image of [0, +00) contains A = hence it must contain the

Question 5.4-6. Show that

a) if a convex function f : R +— R is bounded, it is constant;

If a convex function is bounded and not a constant, there exists x; < x3, such that f(z;) #
f(z2). W.O.L.G., we can assume f(x1) < f(z2). The secant line determined by (z1, f(x1))

and (zg, f(72)) is f(x2) — fx1)

p— (z — 1) + f(21)

yi(z) =
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Then we claim that for all x > x9, f(z) > y1(x). If not, there exists at least one point
xo > xo > x1, such that f(xg) < y1(zo), which is

f(x2) — f(z1)

To — X1

f(xo) < (o — 21) + f(21)

Slightly change the form of the above equation, we have

f(xo) — f(1) - f(z) — f(21)

Lo — T1 To — X1

(1)

However, since x5 € (21, 0), and open interval is convex on R, we can find ¢ € (0, 1), such that
x9 = txy + (1 — t)xo, and if we denote the secant going through (x1, f(z1)) and (zo, f(x0)) as
f(@o) — f(x1)

o (x —x1) + f(21)

y2(z) =
we have f(x2) = f(tx1 + (1 —t)zo) < tf(z1) + (1 —t)f(zo) = y2(x2). This shows that
f(wo) — f(21)

Lo — X1

f(x2) < (z2 —x1) + f(21)

Slightly change the form, we will obtain
flxz) = flan) _ flzo) — fla1)

T2 — X1 To — X1

(2)
Combine (1) and (2), we can prove our claim that for all z > x5, f(z) > y;(x) by contradiction.

Since y;(x) is a linear function, and the slope of it is positive, if  — 400, y;1(z) will tend
to infinity. However, when = > xo, f(z) > y1(z), so f(z) also tends to infinity as z — +o0,
which contradicts the fact that f(x) is bounded.

b) if
lim M: lim MzO

xr——00 €T xr—~+00 €T

for a convex function f : R — R, then f is constant.

Similar to part a), suppose it is not constant, there exists z < y € R, such that f(z) # f(y).
W.0O.L.G., we suppose f(z) < f(y). From part a), for any z >y > x,

102 g0 = =Ty )
when z > 0,
&)ty —f@e—y  [O)
z Yy—x z z

Let z — +00, we have

im Mz fim [fW = f@) 2y f@] _ fly) = f=)
z—+00 z zZ—r+00 y—x 4 y4 y—x

>0

which contradicts the assumption that lim, . [f(x)/z] = 0. Hence, f(x) is a constant.

¢) for any convex function f defined on an open interval a < z < 400 (or —oo < z < a), the
f(x)
x

of the function.

ratio tends to a finite limit or to infinity as x tends to infinity in the domain of definition
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Since the open interval (a,+o00) and (—oo,a) are symmetric, we only consider one case,

(—00,a). We need to prove the function defined on (—o0,a — 1]

f(@) = fla—1)

g9(z) = T —(a—1)

is an increasing function. If not, there exists z < y < a — 1, such that

f@)=fa-1) _ @)~ fla-1)

7—(a—1) y—(a—1)
Slightly change the form of the above equation, we have
f@)—fla—1)

ey @ D a1 < ()

This means (y, f(y)) is above the secant line going through (z, f(x)) and (a — 1, f(a — 1)).
However, since y lies between x and a — 1, y is a convex combination of them, meaning that
(y, f(y)) should be under the secant line of (z, f(z)) and (a — 1, f(a — 1)). This gives a

contradiction, so the function g(z) is increasing.

Since g(z) is increasing, h(z) = g(—z) must be decreasing. If h(x) is bounded, then it will
converge to a finite value as x — +o0; if not, it will diverge to negative infinity as x — +o0.

This means g(x) will converge to a finite value or diverge to infinity as  — —oc.

Question 5.4-7. Show that if f : (a,b) — R is a convex function, then

a) at any point € (a,b) it has a left-hand derivative f and a right-hand derivative f;,

defined as ( B — f(x)
’ x + — Iz

f-(z) = hll}l—lo h
, r+h)— f(x

and f () < fjr(x),

We first prove the existence of one-side derivative of arbitrary convex function. If we denote

flz+h) - f(z)

F(h) = -

he(a—z,00U(0,b—2x)

Then it suffices to show that one-side limit of F'(h) exists at h = 0. To show that, we can
show a sufficient condition for that, that is, F'(h) is nondecreasing with respect to h. If F'(h) is
nondecreasing on (a—z,0)U(0,b—z), F(z) on (a—x,0) is bounded above by f(y), y € (0,b—zx),
so F'(x) has left-hand limit at = 0; F'(x) on (0,b—x) is bounded below by f(y), y € (a—=x,0),
so F'(x) has right-hand limit at x = 0.

There are three cases we need to consider, namely, hy < hy < 0,0 < hy < ho, and hy < 0 < hs.
Here we only prove the most complicated case, i.e., hy < 0 < hs. First we write the secant
line passing through (z + hy, f(x + h1)) and (z + ha, f(x + ha)),

f(z+hy) — f(x+ hy)
ho — hy

y() = (E—z—h)+ flz+ )
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Since f(x) is convex, we know that f(z) < y(z), i.e.,

flz+h2) — f(z+ hy)
hae — hy

f(z) < (=h1) + f(x + h1)

which yields that

[z +hy) — f(x) >f(x+h1)*f(x)
hg B hl

Hence F(z) is nondecreasing for hy < 0 < hy. The other two cases are similar, so we conclude
that F'(z) is nondecreasing on the whole domain (a — z,0) U (0,b — ). According to what we

analyze just now, f_ and fjr(x) exist.

Now we prove f (z) < fjr(ac) For small A > 0, we have F(—h) < F(h), i.e.,

fla—h)~ f() _ fle+h) ~ f()
—h - h

Let h — 0+, the above inequality yields f_ (z) < f;(x)

b) the inequality f;(xl) < f' () holds for z1,z5 € (a,b) and z; < x;

Let x = 21 in F(h), we have

_ flzi+h) = f(x1)

N h

For hy =& —x1 and hy = 29 — 21, V £ € (21, 22), we have hy < ha, thus F(hy) < F(hs), i.e.,

f(€) = f(z1) < f(x2) — f(71)

E—x1 Lo — T1

F(h)

Similarly, let = xo in F(h) and consider hy = x5 — &, hy = 29 — x1, F(—hs) < F(—hy), we
can obtain
flxo) = f(x1) _ flza) = F(E)
To — X1 o To —§
For the first inequality, let & — z1+, we have

) < f(z2) = f(21)

Lo — T1

f + (.ZC 1
Similarly, let £ — xo— in the second inequality, we have

f(IZ) - f(xl) < f/_(l'Z)

Xo — X1
Hence f;(:m) < f(x2).

¢) the set of cusps of the graph of f(z) (for which f_ (z) # f;_(x)) is at most countable.

For the cusp o of the graph, f (z0) < f, (20). Thus we can consider the intervals
(f-(x0), f1(x0)) for all cusps z9. We need to prove for distinct xo, the intervals they form are

mutually disjoint. For all zq, consider any vy, z, y < x¢ < z, we have

’

Fo@) < fi(@o) < (@) < filwo) < f(2) < fi(2)
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Hence, as long as xq are different, the open interval it forms will be disjoint. In this way,
if we pick one 1o € Q in each different interval, they are also distinct. Assign each interval
with a rational number in that interval, collect all assigned rational numbers in a set A, and
denote the set of all cusps-generated intervals as B, then there exists a bijective mapping from
A — B. Since A is at most countable, B is also at most countable. Hence, the set of cusps of

the graph of f(x) is at most countable.

Question 5.4-8. The Legendre transform of a function f : I — R defined on an interval I C R is

the function

fr(t) = sup (tz — f(x))

zel
Show that

a) The set I* of values of ¢t € R for which f*(t) € R (that is, f*(t) # o) is either empty or
consists of a single point, or is an interval of the line, and in this last case the function f*(¢)

is convex on I*.

Denote g, (t) = tz — f(z) for each fixed z € I, then g,(t) is a linear function with effective
domain R, so it is convex on R. This is equivalent to say the epigraph of g, (t) is a convex set
in R?. Therefore, if we take the supremum of all g, (t), the epigraph of the resulting function
f*(t) should be the intersection of the epigraphs of all g,(t). Since the intersection of convex
sets is always convex, the epigraph (notice that epigraph excludes all points where the function
value is +00) of f*(t) is convex, i.e., f*(¢) is convex on R. Then it is easy to see the effective
domain of f*(¢) must be a convex set in R. However, the convex set in R can only be empty

set, singleton, or interval.

Now we only need to show all three cases exist for some specific example. If f(x) = —z? with
I =R, then f*(t) = sup,p(tx + 2?) = +oo for all ¢ € R, so in this case [* = @. If f(z) ==
with I = R, then

0 ift=1
fr(t) =sup(te — x) =
z€R +oo if#1

which shows that in this case I* = {1} is a single point. If f(z) = 2? with I = R, then
[5(t) = sup,ep(te — 2?) = %. In this case, I* = R. Therefore, all three cases are possible. In
particular, if f*(¢) is finite over an interval, since the epigraph of f*(¢) is convex on R, it is

convex on I*, so f*(t) is a convex function restricted on I*.

b) If f is a convex function, then I* # &, and for f* € C(I*)
(f*)" = sup (at - f*(t)) = f(x)
tel

for any x € I. Thus the Legendre transform of a convex function is involutive, (its square is

the identity transform).

If we do not assume f is a closed function on I, then this statement is wrong. Consider the
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following function
? xel-1,1)

fx) =
2 xz=1
where I = [—1,1] and f(x) is obviously convex but not closed. By simple calculation, we can
obtain I = R, and
t—1 t>2
[f@)=<12/4  te(-2,2)
—t—1 t< =2

which is a continuous function on I*. However, if we consider x = 1, then
Fr(1) =sup(t - f7(1)) =1 # 2 = f(1)
€

Therefore, we need to add an assumption that f is a closed function on I. Under such a
condition, we can prove the desired result. For any fixed z € I, f(z) > xt— f*(t) for all t € I*,
which is true by definition of f*(¢). Therefore, by taking supremum on both sides, it is trivial

that f(z) > f**(x).

Now we need to prove f(z) < f**(z) for all z € I. Suppose not, if we denote the epigraph
of f as epi(f), combined with the fact that f(z) > f**(x), epi(f) € epi(f**). Note that
(xo,to) € epi(f**) but (zo,to) ¢ epi(f). Since f is convex and closed, epi(f) is a convex closed
set, so by separating hyperplane theorem, there exists (a,b) # (0,0) and a constant ¢ such
that

ax + bt < ¢ < axg+bf " (xg), V(x,t)e€ epi(f)

where b < 0 because if b > 0, as t — oo, the LHS is positive infinity but the RHS is a finite

value, which is a contradiction.

If b =0, then ax < ¢ < axq for all (z,t) € epi(f). In this case, choose a § € I*, and we want
to find a small enough € > 0 such that

(a+ge)x —et < c < (a+ ge)xg —ef ™ (x0)
Since f*(y) > xg — f(x) > xzy —t for all (z,t) € epi(f), it suffices to find e such that
ar < c < axg — (" (xo) — Jzo + [ (7))

This € > 0 exists because f**(zq) — gxo + f*(¢) is a finite constant, which means as long as €

is small enough, the above inequality will hold. Therefore, we find a new pair of ¢’ = a + Je

and O’ = —e < 0 such that the resulting hyperplane strictly separates the point (z¢,%y) and
epi(f). Then by normalization, we can always take b = —1 and find a corresponding a and ¢
such that

ar —t < c<axg— f(xy), V(x,t) € epi(f)

Since (z, f(z)) € epi(f), we can obtain ax — f(x) < ¢ < axg — f**(z¢) for all z € I. Take the
supremum on x over I on both sides, we have f*(a) < ¢ < axg — f**(x¢). This contradicts to
the fact that f*(t) > «t — f**(z) for all ¢ € I* and = € I. Therefore, f(x) < f**(z) for all

x € I, and we are done.

41



c¢) The following inequality holds:

xt < f(x)+ f*(t)forz € Tand t € IT*

We only consider the case when I* is nonempty. In this case, since for all x € I, we have

fr(t) = sup (to — f(z)) =tz — f(z)

xzel

It is easy to see at < f(x)+ f*(t) forx € I and t € I*.

d) When f is a convex differentiable function, f*(t) = taxy — f(x;), where z, is determined
from the equation ¢t = f’(x). Use this relation to obtain a geometric interpretation of the
Legendre transform f* and its argument ¢, showing that the Legendre transform is a function

defined on the set of tangents to the graph of f.

Since f is convex differentiable, h;(x) =tz — f(z) on I is a concave differentiable function. It
is obvious that if h;(z) has a stationary point x; in the interior of I, then this point must be
a global maximizer of hy(x) over interval I. In this case f*(t) = tx; — f(x;) where t = f'(zy).

This shows Legendre transform is a function defined on the set of tangents to the graph of f.

However, if for some t € I*, t = f’(x) has no solution for z € I (e.g., consider f(z) = z? for
x € I, where I = [—1,1] and I* = R), then we have several cases to consider. Notice that
we only assume f(z) to be differentiable on the interior of I no matter I is open, closed or
half-open half-closed. This means f(z) may be discontinuous at boundary of I. Also, it is
reasonable to assume I has nonempty interior. Denote I as interval with end ponts ¢, d (¢ < d

can be finite or infinite), then

e When |f(c+)| =|f(d—)| = oo (we assume f(—o0) = f(—oo+) and f(c0) = f(oo—)), first
note that it is impossible that f(c+) = f(d—) = —oo, because f(x) is convex, so any
point z € (¢, d) satisfies f(z) < —oo, then f(z) is not a real-valued function on I, which

is a contradiction.

Second, if f(c+) = f(d—) = oo, then we need to consider whether the end points ¢, d
are fintie or not. If ¢ > —oo and d < oo, then f'(z) - o0 as ¢ — d— and f'(z) — —o0
as * — c+. Imagine if f'(x) is bounded above, fixed z¢ € (¢, d), for z > zo, by MVT,
f(2) = f(xo) = f/(€)(z — @o). As z — d—, f(2) — f(wo) = 00, 2 — g — d — 39 > 0,
but d — z¢ is bounded, so f'(§) — oo, which is a contradiction. Similarly, if f'(x) is
bounded below, we can also obtain such contradiction. By intermediate value property
of f/(x) (even if f’(x) is not continuous, this property holds), f’(z) can attain any value
in R when = € (¢,d), so t = f'(x) always has a solution. If one and only one of ¢,d is
infinite, WLOG, assume ¢ = —oo and d < oo. In this case, f'(z) — oo as z — d—, so
when ¢ is large enough, ¢t = f’(x) always has a solution. It has no solution only when
f'(z) is bounded below. However, f'(z) is decreasing as  — —oo, so f’(x) converges to
some finite number r as © — —oo. If ¢t < r, then tz — f(x) tends to co as © — —o0, so

such t makes f*(t) = co and t ¢ I*; if t > r, t = f’(x) has a solution by intermediate

42



value property of f'(x); if ¢ = r, then there are two possibilities, either tz — f(z) — oo as
x — —oo or tr — f(x) — C where C is some constant number. If tx — f(x) — oo, then

such ¢t ¢ I*; if tx — f(x) — C, then ¢t = f’(x) has no solution for real-valued x, but since

f*(t) takes supremum over z, f*(t) = C = (tz — f(:v))‘ , so we can regarded it as
t = f'(z) has a solution 24 = —oo0. The case when ¢ > —oco and d = oo is similar to the
above one. The last case is when ¢ = —o0 and d = oo. In this case, to make ¢t = f/(x)

has no solution, it is possible that f/(z) are bounded either above, below or both. The
argument is quite similar to the ¢ = —oo and d < oo case, but rather compliacted, so we

omit it here.

Finally, if one of f(c+) and f(d—) is positive infinity and the other is negative infinity,
WLOG, assume f(c+) = oo and f(d—) = —oo. In this case f(z) must be decreasing on
(¢,d). Also, we can see I can only be of the form (¢, c0). If ¢ > —o0, then f'(x) — —oc0 as
x — ¢+, and f'(x) — r < 0asz — oo where r is a finite constant. Then ift < r, ¢t = f'(x)
always has a solution = € (¢,00); if t > r, tx — f(x) — o0 as x — oo, so such t ¢ I*; if
t = r, then either tx — f(z) — oo or t — f(x) — C as x — oo. If tox — f(x) — oo, then
t ¢ I*if tx — f(z) = C, then f*(t) = C = (tx — f(a:))’ . The other case is ¢ = —o0,
in this situation, f’(z) can converge to some finite number s or fl(z) = —o0 as x — —o0.
The —oo case is similar as previous case, so we only consider f'(x) — s as © — —oo. If
t < s, then tx — f(x) — 0o as x — —o0, so t ¢ I*; if t = s, then similarly we have either
tr — f(x) — oo or tx — f(z) — C. When t € I*, f*(t) = C = (tx — f(x)) L If

s <t <r, then t = f/(z) has a solution on (—o0,c0); if ¢t = r and ¢ > r, we can use the

same argument as the case when ¢ > —oc.

When one and only one of f(c+) and f(d—) is infinite, then WLOG, assume |f(c+)| = oo
and |f(d—)| < oo. If f(c+) = —oo and | f(d—)| < o0, then f(x) must be strictly increasing
on (¢, d). Furthermore, I can only be (—o00, d) or (—oo,d] with d < co. Note that f/'(—o0)
converges to a finite number r > 0 and f/(d—) < co. If t > f'(d—), no matter t = f'(x)
has solution or not, it is always true that f*(¢) = hy(d—); if f'(—o0) <t < f’(d—), then
obviously f’(z) = ¢ has a solution in (—oo,d); if t < f/'(—00), then tx — f(z) — oo as
x — —oo, so such ¢t ¢ I*; if t = f’(—o0), then there are two possibilities, one is that
tr — f(x) — oo as © — —o0, but this case shows ¢t ¢ I*; the other case is that tx — f(x)
converges to fintie number C, then f*(t) = C = (tz — f(z)) . In conclusion, if one
and only of f(c+) and f(d—) is infinite, f*(¢) is hy(z) evaluated at boundary or the limit

as x approaches to boundary.

If f(c+) and f(d—) are both finite, then when ¢ = —oo0 and d = oo, f(z) is a constant
function, so I*{0} and f*(0) = —f(z). If one and only one of ¢,d is infinite, say ¢ = —oco
and d < oo, then f(z) is increasing, and f(z) — s where s is finite as * — —oc. This also
shows f/(z) — 0 as © — —oo. Thus, if t < 0, then tx — f(z) — co as © — —o0, so t & I*;
if t =0, then f*(t) = —s;if 0 < t < f’(d—), then t = f’(x) has a solution; if t > f'(d—),
then f*(t) = td — f(d—) since d is finite. If ¢ > —oo and d < oo, then if t < f'(c+),
then f*(t) =tc— f(c+); if f'(c+) <t < f'(d—), then t = f'(x) has a solution in (¢, d); if
t > f'(d—), then f*(t) =td — f(d—).
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e) The Legendre transform of the function f(z) = Lz for &« > 1 and x > 0 is the function

f @) = %tﬁ, where ¢ > 0 and * + % = 1. Taking account of ¢), use this fact to obtain Young’s

inequality, which we already know:

Q|

Notice that I = Rt = {z |z > 0}. By part d), since on I, f(z) is always differentiable and
convex, we can let ¢ = f'(z) = z*! and obtain that z;, = ¢ta=1. Also note that ¢ >0, so
f*(t) = (1= 1)t="1. By part c), we have

1 1

1 _a 1ﬂ
< =%+ |1 ——|to-T = —a%+ -t
« « «@ 8

1 _
+3_1'

if welet = -2 1i.e., i

P
f) The Legendre transform of the function f(x) = e* is the function f*(t) = tln, ¢ > 0, and

the inequality
t
ozt <e® +tln-—
e

holds for x € R and ¢t > 0.

Notice that here I = R. By part d), let ¢t = f/(x) = €”, we can solve z; = Int where ¢ > 0.
Therefore, f*(t) = tInt — t. By part ¢), we conclude immediately that xt < e” 4 t1n(t/e) for
allz € Rand t > 0.

Question 5.5-1. Using the geometric interpretation of complex numbers

a) explain the inequalities |21 + 22| < |21] + |22] and |z1 + -+ - + 2, | < |z + -+ + |20 ];

The first inequality |21 + 22| < |21| + |22] is just a special case of the second one. There are
several explanation of them. One is that between two points the shortest distance is assumed
by line segment between these two points. Since the addition and norm of complex number
is similar to vector addition and norm, if we treat each complex number as a vector, then we
can translate all vectors such that the head of each vector is connected by the tail of another
vector. Thus, |z + -+ + z,| means the length of line segment between the tail of the first
vector and the head of the last vector. |zi|+ - - + |2,| means the length of path from the tail

of the first vector to the head of the last vector along vector zq, ..., z,.

You can also interpret it in this way: the total length of any n — 1 edges in a n-polygon is
larger than the length of the remaining edge. They are equal if and only if all edges lie in the

same line.
b) exhibit the locus of points in the plane C satisfying the relation |z — 1] + |z + 1| < 3;

All points satisfying the relation above will lie in or on the ellipse

42?4y _
9 5

1
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where (1,0) and (—1,0) are two foci of this ellipse. We first notice that the total distance
between z and fixed points (—1,0) and (1,0) is less than or equal to 3. If it is equal to three,
then it lie on the ellipse with foci (1,0) and (—1,0); also, we know 2a = 3, so a = 3/2, and
b=+5 /2. By the property of ellipse, any points with total distance between two foci that is

less than 2a will lie in the interior of ellipse.

c¢) describe all the nth roots of unity and find their sum;

All the nth roots of unity will satisfy z = 1, which is given by

i
zk,—exp< k:m>’ k=0,1,...,n—1

n

Their sum is given by

n—1

2kmi 1(1 — 2¢
R () 200
P n 1—2z

n—1
> =
k=0

d) explain the action of the transformation of the plane C defined by the formula z — Z.

This transformation just maps z into its symmetric point in plane C with respect to = axis.

This is because z = x — yi while z = x + yi.

Question 5.5-2. Find the following sums:

a) 1+q+---+q"

This is trivial, because when g # 1,

l_qn+1
1+q_~_...+q”:7
1—-g¢q
when ¢ = 1, the summation is just n + 1.
b) 1+q¢+---+¢"+--- for |¢| < 1;
Since |q| < 1, we have
1_qn+1 1

1+q+...+q”+...:hm =
n—oo 1 —q 1—gq
This is because for any complex number |¢| < 1, we have

lim |¢"| = lim |r"||e"?] =0, and lim |¢"|=0== lim ¢" =0
n—roo n— oo n—oo n—oo

C) ]__i_ei‘»a_'_..._i_e“up;

Let ¢ = €', from part a), when e%? # 1, i.e. ¢ # 2km, k € Z, we have
1— ei(n—i—l)g@

L+e¥ 4 e = .
1—ew

when ¢ = 2km, k € Z, the summation is just n + 1.
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d) 1+7re + - +rnen?;

Let ¢ = re’®, from part a), when re® # 1, we have

— Tn+1ei(n+1)<p

L+re? 4. 4 re? =

1 —rete
when re’¥ = 1, the summation is just n + 1.
e) 1+re®+-- +rmem™ 4 ... for |r| < 1;
Since |r| < 1, we have
. ] 1— Tn+1ei(n+1)<p 1
14+re+---4+r"e™+... = lim . = .
n—00 1 —rew 1 —rew

f) 1+rcosp+---+r"cosney;

Recall part d), we have

1— 7,.'rH»lei(n+1)Lp
1 —retv }

1+rcosp+---+r"cosny =Re {
which is
1—rcosp —r"eos(n+1)p+r"T2cosnep
1—2rcose+1?

1+7rcosp+---+r"cosng =
Ifr=1,¢=2krorifr=—1, p = (2k + 1)7, where k € Z, we have

14+rcosp+---+r"cosnp=n+1

g) 1+rcosp+---+r"cosnp+--- for |r| <1;

Since |r| < 1, cosine function is bounded by 1, we have

1_ _ n+l 1 n+2
l+rcosp+---+r"cosnp+---= lim reosp — " cos(n + D + " cosng
n—00 1 —2rcosg + 12
1 —7rcose

1—2rcosy +r?

h) 14+ rsing+ -+ 4+ r*sinny;

Recall part d), we have

1— rn+1€i(n+1)ap
1—|—rsing0+---—|—r”sinng0:1+Im{ , }
1—rew
which is
rsing — r"sin (n + 1)@ + r" 2 sinne
1—2rcosp+r?

14+rsinp+---+7r"sinnp =1+
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Iftr=1,¢=2krorifr=—-1, p = (2k + 1)7, where k € Z, we have

14+rsing+---4+r"sinnp =1

i) 1+rsing+---+r"sinnp+--- for |r| < 1.

Since |r| < 1, sine function is bounded by 1, we have

l+rsinp+4---+r"sinnp+---= lim <1+rs1n<p—7"

n—roo

"Hlgin (n + 1)¢ + r" 2 sinne
1—2rcosp+1?

14 rsin ¢

1 —2rcosg + 12

Question 5.5-3. Find the modulus and argument of the complex number lim (1 + %)n and verify
n—oo

that this number is e®.

The modulus (which is a continuous function of z) of it is found by

lim (1+§+3i) = lim ‘1+§+Qi
n—oo n n n—oo n n
2 2 2\ n/2
— lim <1+x+x Y )
n—oo n n

2 2 2
—exp{lim Zln(l—i—x—i—xty)}
n—o0 n n

2 1
{3 (20 (2)

:eZL’

The argument (which is also a continuous function of z) of it is found by
lim arg (1 + z + QZ) = lim narg (1 + L + Ql>
n—00 n n n— 00 n n
= lim narctan( J >
n—00 n+x

~ lim n< y +o(1>>
n—o00 n+ax n3

=Y

Hence, we have

lim (1 + —) = e%eW = "TW = ¢?
n—o00 n

Question 5.5-4.

a) Show that the equation e = z in w has the solution w = In|z| + ¢Arg z. It is natural to
regard w as the natural logarithm of z. Thus w = Ln z is not a functional relation, since Arg z

is multi-valued.
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Let w =z + yi and z = a + bi, then we have
e" TV = e"(cosy + isiny) = e” cosy + ie” siny = a + bi
Thus, we have e” cosy = a and e”siny = b. Solve z,y in terms of a, b, we have
e‘”zm:|z\, tanyzg
Hence, x = In |z|, and y = Arg z, so w = In |z| + iArg z. Here Arg z is multi-valued.

b) Find Ln 1 and Ln i.

By part a), we have

Ln 1 =In|l|+iArg 1 = 0+ 2knmi = 2kmi, keZ
ak +1
2

Lni:1n|’i|+iArgi:O+<g+2k7r>i: i, k€Z

c) Set 2% = e # Find 1™ and 4°.

According to the formula and what we calculate in part b), we have
1™ = eﬂ'Ln 1 _ €2k‘7T2’L-’ k c 7

which means 17 is multi-valued (actually since 7 is irrational, it has infinitely many value;
recall what we proved in Question 3.1-3, we can further show that all of its value are dense on

unit circle).
_dk41

il=eMi=e"2 " keZ
Here i also has infinitely many value, but they are not dense on real line and have one

accumulation point 0.

d) Using the representation w = sin z = 4. (¢ — e~**), obtain an expression for z = arcsin w.

Since w = 5; (€'* — e7'%), we can solve €' in terms of w,
e’LZ — Z'LU + (1 o w2)1/2
Hence, we have

z =arcsinw = —iLn [iw + (1 — w2)1/2]

e) Are there points in C where |sin z| = 27

We can just find some points z such that sin z = 2, then its modulus must be 2. Use formula
in part d), we have
z =arcsin2 = —iLn [2i + (=3)"/?]

Since (—3)/? = ++/3i, we have
2= —iln [<2i\/§)z} :g+2k7r—iln(2i\/§), ke

Hence there exist points in C such that |sin z| = 2.
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Question 5.5-5.

a) Investigate whether the function f(z) = ﬁ is continuous at all points of the plane C.

Since the function i has only one discontinuous point w = 0, f(z) can be discontinuous only

at w =1+ 2% = 0, which yields z = +i. Thus, f(z) is continuous at every point in C\{=+i}.

b) Expand the function f(z) = {75z in a power series around zy = 0 and find its radius of

convergence.

The Taylor expansion at zg = 0 is

1 1 <
= =1 — 2 4_ .6 e — _1121
ECT Pt —0+ ;( )iz

Apply root test, the convergence radius is

1
R=— =1, where ¢, is 1,0,—1,0,1,0,—1,...
lim |c,|'/™
n—oo

1

Hence, the radius of convergence of f(2) = 17

is 1, it converges when |z| < 1.

c¢) Solve parts a) and b) for the function , where A € R is a parameter.

1
14+M222

Similar to part a), since the function 1 has only one discontinuous point w = 0, f(z) can be
discontinuous only at w = 1 + A\?2? = 0, which yields z = £A7%i. Thus, f(z) is continuous at

every point in C\{£A"1i}. If A = 0, then f(z) is continuous everywhere in C.

Similar to part b), the Taylor expansion at zy = 0 is

1 1 2.2 4_4 66 . i 21
T T — LN N +oe= (<1)'(A2)
1=0

Apply root test, the convergence radius (if A # 0) is

1 1
= =, where ¢, is 1,0, —)%,0,A*,0, =% 0,...
lim |, [V [A]
n—oo

1

14+Xz2
then the radius of convergence of f(z) is +oo.

Hence, the radius of convergence of f(z) = is |\| 71, it converges when |z| < . If A = 0,

Al
Can you make a conjecture as to how the radius of convergence is determined by the relative
location of certain points in the plane C? Could this relation have been understood on the

basis of the real line alone, that is, by expanding the function where A € R and z € R?

1
1+ A222)

The radius of convergence is equal to the distance between point you expand the function
and the closest singular point (singularity). If we restrict it in real line, this may not be
true, because H% is differentiable in R and has no singularity, but it still has a radius of
convergence, that is, 1. Thus, if we want to use the distance to the closest singularity to

determine the radius of convergence, we need to consider the singularity of the function in C.

Question 5.5-6.
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a) Investigate whether the Cauchy function

is continuous at z = 0.

If z =2+ iy, and we let y = 0, then as z — 0, we have

lime /% = lim e /%" =0 = £(0)

z—0 z—0

But if we let x = 0, and as z — 0, we have

. —1/z2 N E 1/y2 _
ll_r}r(l)e zlg%e +oo # f(0)

Hence f(z) is not continuous at z = 0.

b) Is the restriction f| of the function f in a) to the real line continuous?
R

It is continuous, because as we proved in a), the function

e~/ x#0
0 =0

fz) =

has limit
lim e /%" =0 = f(0)

x—0

So it is continuous at = 0, and the continuity of other points is easy to see.

c¢) Does the Taylor series of the function f in a) exist at the point zo = 07

No, because zy = 0 is essential singularity point, or you can say it is not continuous, so not

differentiable. Then its Taylor series of course does not exist.

d) Are there functions analytic at a point zp € C whose Taylor series converge only at the

point z,?

If a function is analytic at a point zg, then it must be analytic in a neighborhood of zy, but
analytic in a neighborhood means its Taylor series converges in this neighborhood. Thus, the
Taylor series of such function is impossible to converge at only one point.

e) Invent a power series > ¢,(z — z)™ that converges only at the one point 2.
n=0

Consider the power series
o0
Z nl(z — z)"
n=0

Check its radius of convergence by root test,

1 1

lim |c, |V Tim (n!)/n
n—oo n—oo
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To compute the limit above, we consider
lim (n!)'/™ = lim exp 1 zn:lnk
n—o0 n—oo n o
= li Inn + = Zl K
= lim exp §Inn n

k 1

I, k
_nh_{x;onexp{n;mn}

1
lim nexp{/ Inx dx}
n—oo 0

= lim ne ! = +o0
n—o0

Hence,
1

R=— =0
lim (n!)t/»
n—oo
But when z = zp, the series is constant zero, so it is convergent. Thus, zy is the only point
where this series converges, because if another convergent point exists, convergence radius

should be no less than the distance between these two points.

Question 5.5-7.

(oo}

a) Making the formal substitution z —a = (2 —29) 4+ (290 —a) in the power series > A,(z—a)"
n=0
and gathering like terms, obtain a series Y C,(z — z¢)"™ and expressions for its coefficients in
n=0

terms of Ay and (29 —a)*, k=0,1,.

Substitute z — a with (z — z9) + (20 — @) and gather like terms, we obtain a new series (not
necessarily equal to the original one, and not even converges; this is because rearrange an
infinite series may change the convergence of the original one). Using binomial expansion, the
result is as follows

oo

ZC z— 2p) :Z

n=0

i A (S) (20 — a)k_n] (z = 20)"

k=n

where

S SPW g TR

b) Verify that if the original series converges in the disk |z — a] < R and |29 — a| = r < R,
then the series defining C,,, n = 0,1,..., converge absolutely and the series > C,(z — 2¢)"

n=0
converges for |z — zg| < R —r.

Since the radius of convergence of the original series is R, we have
1 —
Trm [A,[/"

n—oo

51



If we can prove
1

T |4, (%)

k— o0

=R

Then the series
= k
A o k—n
> ()¢
k=n
will be convergent for |z — a|] < R, but since |29 — a| = r < R, C,, will be convergent.

Notice that

1/k NN (. 1/k
. <k> . [k(k: - (k—n+1)
n

1/k

Since for any fixed number «a, the limit of (k — a)'/% is 1, and there are only finitely many

terms in numerator, thus

lim =1

k—o0

= 1l11m

n k—o00 (n!)t/k

Also, you could verify (by definition) that

o |1/ E\VE
lim ’Ak< ) = lim ( ) lim |A|'/*
k—o0 n n

1 p—

k— o0 k— o0
— NI
Jim A (7)]

Hence, we proved that

and the convergence (absolutely, because the original series converges absolutely within radius

R) of C,, follows immediately.

To prove the second part, we denote

g ;A’“ (D(”ZO B ‘L)k"} (2= 20)" = ggmn
iz"‘ () o=yt =20 = iZB

However, we have
c© k 0
DD Bl =D Az~ 20) + (20— a)]"
k=0 n=0 k=0
The right hand side converges absolutely if |z — 29| + |20 — a| < R, i.e., |z — 29| < R—r. Hence,
/

if |z — 29| < R —r, we can interchange the order of the double summation of Y~ ZZ:O B,
which is (Theorem 8.3 in Rudin’s book)

oo

izk:Ak (i) (20— )" "(z—z20)" =)

k=0 n=0 n=0

i A (i) (20 — a)kn] (z = 20)"

k=n

This means if |z — 29| < R —r, the right hand side is equal to left hand side, but left hand side

is convergent, so the right hand side is also convergent, and the proof is finished.
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c) Show that if f(z) = > A,(z —a)” in the disk |z — a| < R and |zg — a| < R, then in the
n=0

disk |z — 29| < R — |20 — a| the function f admits the representation f(z) = > C,(z — 29)™.
n=0

In part b), we have proved this new series Y~ > 7 By, converges and will converge
to the same value as S.p SF_ By but S350 S B s just Y00 A,(z — a)” and
o o>, Bin is just Y07 Ch(z — z9)". In the disk |z — 2] < R — |20 — a|, we must

have
o0

f2)=> An(z=a)" = Culz—2)"

n=0

Question 5.5-8. Verify that

a) as the point z € C traverses the circle |z| = r > 1 the point w = z+ 27! traverses an ellipse

with center at zero and foci at +2;

Since |z| =7 > 1, we set z = re'” with » > 1. Then we have
) 1 _. 1 1
w=re’ + - = <r+ ) cos 0 + (r — ) isin @
r r r

Hence point w has locus (u,v) with

u—<r+1> cos b, v—(r—l) sin
r T

Since r > 1 is fixed, we have

u? v?

2 =1/

which is an ellipse with center at zero and foci at +2, because
2 2 12 1\’ 1\’
cc=a"-b"=(r+-) —[(r——-) =4d=c=2
T r

b) when a complex number is squared (more precisely, under the mapping w — w?), such an

;=1

ellipse maps to an ellipse with a focus at 0, traversed twice.
From part a), we have
2 2, 1 2 1 s LY. .
wi=2"+—5+2=(r"+—5 |cos20+2+ |r"— — | isin26

z r r

Hence point w has locus (u,v) with
, 1 , 1)\ .
u=|r"+— |cos20+2, v=|(r"—— |sin20
r r

Since r > 1 is fixed, we have

(u—2)? v? _
(r2+1/r2)2 = (r2—1/r?)?
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This is also an ellipse, but translated along positive direction of x-axis by 2 units. Thus, the
original focus (—2,0) moves to (0,0) after the translation. It traversed twice because for z, its

argument is 6 € [0,27), but here w? have argument 26 € [0,4).

c¢) under squaring of complex numbers, any ellipse with center at zero maps to an ellipse with

a focus at 0.

Let z = acosf + ibsin 6, then w = z? = a® cos® ) — b sin” § + 2abisinf cos§. Hence point w

has locus (u,v) with
2 .2 2 i 2 2 1 L, :
u=a"cos”0—b"sin“0=|a _56 COS29+§C, v = absin 20

Thus we have
(xz—(1/2)¢*)?  y*
(a®? = (1/2)c?)?  a?b? a

We can regard this ellipse as a translation of another ellipse E; along z-axis by (1/2)c¢? in the

positive direction, i.e.,
22 y?

@ — (12022 "
Note that one of the focus of F; is given by

=1

(c*)2 = (a2 — (1/2)02)2 —a’? = (a2 - (1/2)(32)2 - a2(a2 - 62) =" =cc"=—-c

Hence, after translation, this focus (—(1/2)c?,0) will move to (0,0).
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