MAT2006: Elementary Real Analysis

Homework 7

W. Li.

Due date: Today

Question 8.5-1. On the plane R? with coordinates z and y a curve is defined by the relation
F(z,y) = 0, where F' € C®®(R? R). Let (x9,1) be a noncritical point of the function F(x,%) lying

on the curve.

a) Write the equation of the tangent to this curve at this point (x,yo)-

Since (g, o) is a noncritical point, at least one of the partial derivative of F' at this point
is nonzero. W.L.O.G., we suppose 0F (z¢,yo)/0x # 0, since F(z0,yo), we apply IFT to F at
(20,Y0). There exists function g, such that = g(y) and

oy OF(x,y)/0y
9 =  OF (z,y)/0x

in some neighborhood of yg. Then the tangent line at (xg,yo) to this curve is defined by

T— F,(xg,y
) _ g (go) = —xlLoot0)
Y—1Yo Fw(x07y0)
which can be reformulated into
Fy('r(h yO)
= —-— J— + x
F:r(anyO)(y yO) ’
Similarly, if OF (z¢,yo)/0y # 0, then the tangent line at (x¢,yo) to this curve is defined by
Fx(x(b yO)
=——"T"2(x—x0) +
Y Fy(x07y0)< 0> Jo

b) Show that if (z¢,yo) is a point of inflection of the curve, then the following equality holds,

(FFy? = 2B, FLF, + Fy,FL) (30, 0) =0

Since F(z,y) € C?, we know z = g(y) is also in C2. Therefore,

") = [_Fy(g(y),y)y _ [F@), 9 F(9),y) = Fy(9(y), ) [Fx(9(y), y)I'
Fa(9(y),y) [F(9(y), v)I?

Since x = ¢(y),

F,

[Fy(9(y),y)] = —a w

(9(y),¥)g'(y) + Fyy(9(y),y)



and similarly,

[F.(9(),y)] = Fuxg'(y) + Fuy(9(v), y)
We can find

vy (Fua(9®),y)g' (y) + Fuy(9(y), ) Fu(9(y), y) — Fy(9(y), y) (Frag' (y) + Fay(9(y),y))
9'(y) =
[Fu(9(y), y)]?

Subsititute ¢’(y) into the above equation, we have
Sy =~ Pt y) = 2 BBy (9(w),y) + Py Fr (9(0). )

[Fx(9(y), y)]?
Since (x0, o) is a point of inflection of the curve, ¢”(y) = 0. We yield that

(FyouFy? — 2F, F Fy + Fyy F,”) (20, y0) = 0
Similarly, if OF (xg,yo)/0y # 0, let f”(x) = 0, and you will obtain exactly the same answer.

c¢) Find a formula for the curvature of the curve at the point (z¢,yo).

Since the formula for curvature of the curve (g(y),z) is given by

(y) = 9" (y)
[1+ (g (x))?]?/
Using the same technique as part b), we can compute
_FEFyy(QCOa yO) + 2FszFzy(x07 yO) - E?Fa:x(-TOv yO)
[F2(w0, o) + F2 (o, Y0)]?/?

KR =

Question 8.5-6. Show that the roots of the equation
e e, =0

are smooth functions of the coefficients, at least when they are all distinct.

Suppose variable 7 = (z1,...,2,), and variable € = (c1,...,¢,). Set F(Z,7) : R?" — R"
with
F(Z,7) e ot
N Fy(Z,70) 24yt e
F( Z,¢)= . - .

F.(7Z,7) 242+ 4o,
For any coefficient vector €% = (¢, ..., %), the equation 2™ + c{2"" + -+ 4+ ¢ = 0 has n distinct
roots 29 28, ...,2%. Hence, we can find Z° = (29,...,2%), such that F(_’O 29 = 0. Since all

components of I’ are polynomials, so I’ is smooth function. Consider the partial derivative of F

with respect to 2 at (Z°, ¢°),

) ) [OF,(Z°,2°) 0 0 |
0z 0z, OF,(Z°,79)
oF. 2 | e e A 0
97 = : . : (27, ¢7) = 2
oF, oF, )
20 =0
_62’1 Ozn_ 0 0 aFn(z , C )
L 0z, J




However, if a polynomial P,(z) of degree n has n distinct roots z1,...,z,, then we can write
P,(x) = (x —z;)R,—1(x), where R,(z;) #0
which shows that
P(@;) = Rp-1(2) + (v — 2) R,y (25) = Rpa () #0
Hence, the determinant of dF(Z°, ¢°)/07 is nonzero. In this case, we can apply IFT, and in a

neighborhood of (779, @°), there exists a smooth function 7 = f(€). Since we choose ¢° arbitrarily,

we conclude that the roots are smooth functions of the coefficients, when the roots are distinct.

Question 8.6-1. Compute the Jacobian of the change of variable

m—1 _:.m 3

P Sin™ 2 oy sin™ "3 g - - - SiN Yoo
from polar coordinates to Cartesian coordinates in R™.
We prove it by induction, when m = 2, we have

T = pcosyp;, Y= psiny;
The Jacobian is our familiar one, which is r, satisfying the formula.
Now suppose when m = n, we have

T1COS 1, To = SiN (] COSYy, X3 = Sin 1 Sin Py COS Y3,

Tp_1 = SNy SN s -+ -8iN Y, _2COSY,_1, X, = sSin;sinesy---sine,_-sin g, _1

The Jacobian matrix is

8%1 8.1'1 61'1
or Oy 0pn_1
ox, Oz, ox,

L 67' 8(701 8()071—1—

For simplicity, we denote it as
gy ,r Azy 01 e Az ,0n 1
Jp =
Azp_ryr Qo100 70 Qo 1,051
axnar aa?n#ﬁl e azn’wn—l

We assume for this matrix, its determinant is

3

n—1 _:. . n—2 on— :
[T = p" = sin™ = 8in" 77 g - - - sin @, o

Then, we consider when m = n+1, zy,...,z,_1 does not change, and the only two different variables
are

I / _ :
T, = Tpn COSPn, Tpy1 = Tn S @n



Hence, the new Jacobian is

gy ,r Az 00 U Azy,pn—1 0
J = o
n+l Ay v Q1,01 Az 1,001 0
Az, COSPn Ay, o COSPn 0 Qg o, COSPy by o)
| oy SNy Ay oy SINQy o Ay o, SO, by o ]
where
Ox;, . . . Oz, 11 : .
o = = —psing; ---sing,_18ing,, by, e, = —F—— = psing; ---sing,_; cos g,
0 * 0
Pn ©n

We can expand the new Jacobian using the last column,

|Jn+1| = bxn:‘ﬂn(_]‘)2n+1|Mwn#ﬂn| + bfL‘n+17‘Pn(_1)2n+2|Mwn+17§9n

= psinegy -+ -sin g1 8in @y [ My, o, [ + psing -+ -sin g, cos o[ My, 0|

= psin; - - - sin,,_1 sin ¢, sin @, |J,| + psin g - - - sin p,,_1 cos @, cos @, |J,|

= psingy - --sinp,_1|J,|

= (psiny ---sin@,_1)(p" Fsin™ "2 @y sin" "2 @y - - - sin @, _s)

2 .2 :
(g -+ +SIn” , 9 sin @, 1

= p"sin" ! sin""
We can see that when m = n + 1, the Jacobian still satisfies our assumption, hence, we proved that
for all m > 2, the Jacobian of the change of variable is

m—1 _:.m 3

P sin™ % oy sin™ "3 @y - - - SiN Yo

Question 8.6-3. Let f : R? — R? be a smooth mapping satisfying the Cauchy-Riemann equations
of _oft  oft__of

ox! — ox?’ 0z~ Ox!

a) Show that the Jacobian of such a mapping is zero at a point if and only if f'(x) is the zero

matrix at that point.

Since f satisfies the Cauchy-Riemann equations

ot or] [os or
F(z) = Ozl 0x%2| _ | Ozt  0Ox?
of ory |_or of
ozt Ox? ox?  Ox!
If the Jacobian of such a mapping is zero at a point x, then
oft  oft ) )
o~ () +(5)
=\9.0) Tlg2) =0
oft  aft Ox Ox
S0z Bzt

which means both of the above partial derivatives are zero. Again, using Cauchy-Riemann
equation, we can obtain a zero Jacobian matrix. Thus, the Jacobian is zero at a point x if and

only if f'(x) is the zero matrix at .



b) Show that if f'(x) # 0, then the inverse f~! to the mapping f is defined in a neighborhood

of f and also satisfies the Cauchy-Riemann equations.

Since f'(x) # 0, the Jacobian is nonzero, and f'(z) is invertible. f(z) is smooth, so we
can apply inverse function theorem, and there exists the inverse of this function f~! in a
neighborhood of f(x) and the derivative can be calculated by (set v = f(z)) (f~1)(y) =
[f(x)]~!, which is

—1

oft  oft aft  oft af )t o'
(f—l)/<y> — % @ — 1 % _W — ox! 0x?
aft  aft det(f'(z)) |oft oft A(f 12 a(f 12
02 Ozt ox2 Oz ox! 0x?

Hence we have
o Ht _out)? af—hHt _ auh?

oxt Qa2 ox?2 Ozt

which shows the inverse of f also satisfies Cauchy-Riemann equations.

Question 8.6-5. Show that the rank of a smooth mapping f : R™ — R" is a lower semicontinuous

function, that is rank f(z) > rank f(zo) in a neighborhood of a point z, € R™.

For any x, if rank f(x) is zero, then we are done. If not, suppose rank f(xo) is k > 1, then
we consider the rank of the differential matrix f’(z) of f(z), because this is the definition of rank
of a function. Denote this matrix as A(zo), and all entries of A(xg) are in the form of df;(xq)/0x7,
where ¢ = 1,--- ;nand j = 1,--- ,m. Since A(xg) is of rank k, there exists a nonsingular k& x k
submatrix of A(xg), called A*(x(), we have det A*(xq) # 0. Since f is smooth mapping, all partial
derivatives are continuous, and the determinant of A*(x) is just a composite function of df;/dz for
all z, so the determinant of A*(x) is continuous. Therefore, there exists a neighborhood of zg, such
that for all z in this neighborhood, det A*(x) # 0. This shows that for all z in this neighborhood,
A(z) has at least a k x k (may be larger than k) nonsingular submatrix A*(x), meaning that the
rank of A(z) is larger than or equal to k. Hence rank f(x) > rank f(zg) in this neighborhood. So

rank of a smooth mapping is indeed lower-semicontinuous.

Question 8.6-6.

a) Give a direct proof of Morse’s lemma for functions f : R — R.

We first restate what we need to prove,

Morse lemma. If f : G +— R is a function of class C®)(G;R) defined on an open set
G C Rand zy € G is a nondegenerate critical point of f, then there exists a diffeomorphism

g : V= U of some neighborhood of 0 onto a neighborhood U of z( such that

(fo9)(y) = flzo) £9

for all y € V. (Actually, the sign in front of y? depends only the sign of f”(z() #0). O




By linear transformation we can reduce the problem to the case when xy = 0 and f(xq) = 0.

Then by Taylor expansion at z = 0,
£(2) = FO) + O + 55" (0)a? + o(a?)
= (0) + 37" (0)2 + ofa?)
= (0) £ ¢*(x)
where y = g(z) is defined by
770)

y=g(x) =a\/ " +o(l)
Let’s check the first derivative of g(z),
" 1 /
w) _ IO ) el
Tle=o o 2/ o]

Since when z = 0, o(1) = 0, and f”(0) # 0, we have

_ [0
- g 70

dy
dx

z=0
Since here g(x) is obviously smooth function, by Inverse Function Theorem, there exists a
neighborhood of U(0) of 0 and a neighborhood V(0) of 0 such that g : U(0) — V(0) is a
smooth diffeomorphism. Thus, z = h(y) = g~ '(y), and

(f o h)(y) = f(z) = f(0) £y

b) Determine whether Morse’s lemma is applicable at the origin to the following functions,

f@)=2%  f(z) =asin %; Flz) = eV gin? é;

flay) =a®=3ay®  f(z,y) =27

We assume the definition of all function above at origin is just the limit of that function at
origin. The first one is obviously not applicable because f”(0) = 0, the critical point is degen-
erate. The second one is also not applicable because f(x) is not continuously differentiable.
The third one is also not applicable because though it is smooth function, any order derivative
of it at x = 0 will be 0, hence the critical point at z = 0 is degenerate. The fifth one is
obviously not applicable, because f(z,y) = z? is independent of y, meaning that any partial
derivative containing y will be zero, so the only nonzero entry of its hessian is in the first row,

first column. Hence, x = 0 is also degenerate critical point.

The fourth one is still not applicable, because

P Pf o f 0% f

012 62, o2 6z, 920y Oydux

Hence the hessian at x = 0 is a zero matrix, so x = 0 is degenerate critical point.



c¢) Show that nondegenerate critical points of a function f € C®®(R™, R) are isolated (each of

then has a neighborhood in which it is the only critical point of f).

This is trivial, because if 2° = (29,...,2%) is a nondegenerate critical point, then we can
apply Morse lemma at 2°, and we will have a new coordinate system yi, y2, - - , ¥y, instead of
T1,To, ..., Ty in U(x) such that

hy) = (f o 9)(y) = f(@°) = (1)* = = (y)* + (e1)* + - + (y)®

Thus, z = g(y) € U(2”) and we have

W) =) 9 = [-20 - —2m 2r o 2]

Hence, h/(y) = 0 if and only if all y; = 0. Thus in the new coordinate, there is only one critical
point, which is the origin. In this case, if f has critical point in U(z"), then f'(g(y)) = 0,
and this yields the unique solution y = (y1,...,Ym) = (0,...,0). Thus g(0) is the only critical
point of f in U(z?), and we have known that 2V is a critical point, so 2° = g(0), and the proof
is finished.

d) Show that the number k of negative squares in the canonical representation of a function
in the neighborhood of a nondegenerate critical point is independent of the reduction method,
that is, independent of the coordinate system in which the function has canonical form. This

number is called the index of the critical point.

Recall that when we prove Morse lemma, we first write f into a quadratic form

f(xl, . ,.’L’m) = Z xixjhij(xl, . ,.%‘m)
i,j=1
where h;; = hj;. Then we need to reduce it into diagonal form (canonical form), and we need
to prove the index of critical point is independent of this procedure. No matter what h;; you
choose, it must satisfy
() = 2L (a0)
* 8@896]

But the hessian matrix H;(z") is nonsingular at z°, meaning that all of its eigenvalue is

nonzero. Suppose k of them are positive, and m — k of them are negative, and matrix A(z) =
[hij(x)] has the same eigenvalue as Hy(2°) at z = 2°. We claim that the eigenvalue of a matrix
is a continuous function of the elements in this matrix. This can be verified by the following

procedure:

e the characteristic polynomial p(\) of a matrix is given by det (A — M), and by the
definition of determinant, the coefficients of p(\) is a continuous function of all entries of
this matrix;

e in Question 8.5-6, we prove that the roots of a equation is a smooth function of all its
coefficients. Consider the roots of equation p(A) = 0, which is just the eigenvalues of that

matrix, hence all eigenvalues are a continuous function of all entries of this matrix.



Therefore, in a neighborhood of A(xy), the eigenvalue will preserve its sign (the positive one at
xo will always be positive throughout the neighborhood). At each point of this neighborhood,
applying Sylvester’s law of inertia (Advanced Algebra), the coefficient matrix of a quadratic
form has a unique canonical form, i.e., the number of negative elements in the diagonal of
D, where D = SA(x)S* is always the same (independent of S, which is an invertible matrix

representing the change of coordinate).

The negative squares in the canonical representation of a function in Morse lemma is exactly
those negative one in D, so the independence of the number of negative squares k on reduction

method (5) is proved throughout a proper neighborhood.



