MAT3006*: Real Analysis

Homework 3

ZEHE IS (116010114)
Due date: Feb. 28, 2020

Page 47, Problem 26. Let {E;}?2, be a countable disjoint collection of measurable sets. Prove
that for any set A, m* (ANU,—; Ex) = > pey m* (AN Ey).

Take a G type set G such that G D ANJ;—, Ex and m* (ANJ,—, Ex) = m(G). Therefore,

we can see

m* (Aﬂ[jEk> Zm(GﬂGEk> :’ITL(O(Eka)) = 3 m(Eka)Zim*(EkﬂA)

k=1 k=1 k=1 k=1

where the second equality uses the fact that {E, N G}, are countable disjoint measurable sets.
Since m* (ANU,—, Ex) < > pe, m* (AN Ey) follows directly from o-subadditivity of outer measure,
we conclude that m* (ANU;—, Ex) = > oy m* (AN Ey).

Extra Problem 1. Let E),, k € NT, be Lebesgue measurable, satisfying Z;’;l m(Ey) < co. Prove
that m (mk_mo Ek) =0.

Since limg o0 By = ooy Usey En, denote G = limy o By and Gy = -, E,, then Gy, is
decreasing. Also, for all & > 1, m(G) < m(Gy) < Y07, m(Ey). The RHS tends to 0 as k — oo

since the series >~ , m(E}) < co. Take k — oo and we obtain m(G) = 0 as required.

Extra Problem 2. Give an example of an open set O such that the boundary of the closure of it

has positive Lebesgue measure.

Consider the Cantor-like set with p = 4 defined in HW1, Denote O = |J,_, For—1, where E}’s
denote the union of all open intervals removed at step k. Also denote G = |J,_; Fa,. Then it is
easy to see that [0,1] = O UG U Cy. Since O and G are disjoint open set, O NG = @. We claim
that Cy C 90, and if so, from HW2, we know m(Cy) = 3, so m(80) > 1 > 0.

To prove Oy C 00, it suffices to prove for arbitrary x € Cy, for all § > 0, Ns(2) N G # @ and
Ns(z) N O # @. If so, since GNO = @, G C (0)° and N;s(x) N (0)°¢ # @. Also, Ns(x) N O # &
impliles that Ns(z) N O # @. Therefore, z is the limit point of O and (O)¢, by definition of 9O,
x € 00. Since z is arbitrary, C, € 00.

Now we prove Ns(z) NG # & and Ns(x) N O # & for all 6 > 0 for each fixed z € C4. Since
Cy = U, Fi, where each F}, consists of disjoint closed interval with equal length. Since the length

of each closed interval converges to zero, there exists a closed interval I such that z € I C Ng(x).



Then this closed interval I must contain open interval removed at both even and odd steps, so
ING # @ and INO # @. This shows Ns(z) NG # @ and Ns(x) N O # @ for all § > 0.

Extra Problem 3. Suppose E,F C R and E,F € M. If m(E) > 0 and m(F') > 0, then £+ F

contains an interval.

First, since E = J,,cy E N [—n,n] and F =, oy
that m(E N [—ng,no]) > 0 and m(F N[—ny,n1]) > 0. Denote E' = EN[—ng,ne|, F' = FN[—ny,n]
and n = ny +ny. Then E'+ F' C E+ F and E', F', E' + F’ are all subset of [—n, n]. Thus, we only

need to show E’ + F' contains an interval.

F N [—n,n], we can find out ng and n; such

Then, we claim that convolution of f,g € L?*(—n,n) is continuous on [—n,n]. Denote the
indicator function of E’ and F’ as Ig/(z) and Ir(x). Note f(z) = f[fnm] Ip(x — t)Ip(t) dm(t)
is nonnegative and continuous. Hence, the set G = {z € [-n,n]|f(x) > 0} is open. Since
f[—n,n] f(z) dm(z) = m(E")-m(F’") > 0, m(G) > 0, G is nonempty and contains an open non-empty
interval U. Thus, we only need to show G C E' + F'. If v € [-n n]\ (E' + F’), then for such z, if
te F',x—t¢ FE so f(x) =0. Therefore, if f(x) >0,z € E'+ F',s0 G C E'+ F'.

For the proof of our claim, since there exists f, — f and g, — g converging in L?*(—n,n) with
fn, gn continuous function on [—n,n|. It is trivial that f, x g, is continuous and f * g is the uniform
limit of f,, * g,, so it is also continuous. The uniform convergence is given by

sup [f+g = foxgl <|fn— flle2llgllzz =0

[7'”'7”]

sup |fux g = fux gnl < [ fulle2llg = gnllz =0

[777'7”]

Therefore, we finish the whole proof.

Extra Problem 4. Let f be continuous on [0, 1]. Prove that the graph I" of y = f(z), as a subset

of R?, has Lebesgue measure 0.

Let € > 0, since f is continuous on [0, 1], it is uniformly continuous. Therefore, there exists
d > 0 such that |z — y| < § implies |f(x) — f(y)| <e. Let P ={zg=0,21,...,Z,_1,%, = 1} be a
partition of [0, 1] such that |z; — x;_ 1| < § are of the same length for all i = 1,...,n.

The graph I' = {(z, f(z))|z € [0,1]} satisfies I' C U, [#i—1, 2] X [m;, M;] where m; =
ming,, , .1 f(z) and M; = max,, , ., f(z). Since |z; — x;_1| < § for all i, M; —m; < € for all

1. Thus,
m*(T') < Zm([xi,l,xi]) ~m([my, M;]) < eZm([wi,l,xi]) =e

Therefore, take € — 0, we obtain m*(I') = 0, which means I" is measurable with zero measure.

Extra Problem 5. Let A, B C R" with finite outer measure. Prove [m*(A4)—m*(B)| < m*(AAB).
Since m*(A) and m*(B) are finite, it suffices to show

m*(A) < m*(B) + m*(AAB),  m*(B) < m*(A) + m*(AAB)



Apply the equivalent definition of symmetric difference, we have AAB = (AU B) \ (AN B). Then
it is easy to see that (AAB)U B = AU B and (AAB)U A = AU B. Therefore,

m*(A) < m*(AUB) = m*((AAB) U B) < m*(B) + m*(AAB)

m*(B) <m*(AUB) =m"((AAB)UA) <m*(A) + m*(AAB)

Therefore, we proved the desire inequality |m*(A) — m*(B)| < m*(AAB).

Extra Problem 6. Does there exists a closed proper subset F' of [0, 1] such that m(F) = 17

Suppose yes, then E = [0,1] \ F' is a nonempty open set. Then it must contains an open
interval which has measure k > 0, so m(E) > k > 0. Since m([0,1]) = m(E) + m(F) = 1, we have
m(F) =1—k < 1, contradiction. Therefore, such F' does not exist.

Extra Problem 7. Let E € M with m(E) > 0. Prove that there exists € E such that for all
d >0, m(E N Bs(x)) > 0, where Bs(z) is the ball centered at x with radius ¢ > 0.

Suppose not, then for all z € E, there exists d, such that m(E N Bs, (x)) = 0. Notice

that (J,.p Bs
{Bs, (x,)}22, of E. Therefore, |J,"

_(z) D E, so by Lindel6f covering theorem, there exists a countable open subcover
(ENBs, (z,)) D FE and

n=1

oo

m(E)<m<U(Eﬁ35 ) i (ENBs, (x,))=0

n=1

since each m(E N B, (z,)) = 0. However, we assume m(E) > 0, so contradiction shows that there
exists € E such that for all 6 > 0, m(E N Bs(x)) > 0.

Extra Problem 8. Let £ C R". Prove that there exists G5 set G O E such that for all A € M,
we have m*(ENA) =m(GnNA).

Since A € M, by Carathéodory property, we have m*(E) = m*(E N A) + m*(E N A°). Take a
Gj set such that G D E, m*(E) = m(G). Also, m(G) = m(GNA)+m(GnNA°). If m*(E) < oo,

m(ENA) —m"(GNA) =m"(GNA°)—m*(ENA°)>0
However, by monotonicity, m*(F N A) <m*(GNA), so m*(ENA) =m*(GNA).

If m*(E) = oo, then let C, = {(z1,...,2,) € R"||z;| < k, V1 < i < n}. Denote Ey =
ENCy, so m*(Ey) < co. Therefore, we can find Gs set Gj, D Ej, such that m(Gy) = m*(E})) and
m(G N A) = m*(E, N A). Let H, = (.2, Gn, Hy is also a Gs set for all k, and E), C Hy C Gy.
It is easy to see m*(E, N A) = m(H, N A). Let H = |J,_, Hy, then E C H. Note that E, N A
and Hp N A are both increasing, so take limit on both sides of m*(E, N A) = m(H, N A), we
obtain m*(E N A) = m(H N A). Notice that H € M, there exists G set O such that O D H and
m(O\ H)=0. Since O =(O\H)UH,ONA=[O\H)NAJU(HNA), sowe have

m(ONA) <m(O\H)NA) +m(HNA) <m(O\H)+m(HNA)=m(HNA)



Also, by monotonicity, m(O N A) > m(HNA),som(ONA)=m(HNA)=m*(ENA). The set O
is the desired Gy set.

Extra Problem 9. Let £ ¢ M. Prove that there exists ¢ > 0 such that whenever A, B € M,
A D E, BD E°, we always have m(AN B) > e.

Suppose not, then for all k& > 1, there exists Ay, By € M such that A, D E, B, D E°, and
m(Ar N By) < 1. Let A =", Ay and B = (", By, then m(AN B) = 0. Also, A D E and
B D E°, so B¢ C E. Notice that m(A\ B°) = m(ANB)=0and m*"(E\ B°) <m(A\ B°) =0, so

m*(E\ B°) =0and E\ B° € M. Since B° € M, E = (E \ B°) U B € M. Contradiction!

Extra Problem 10. Let £ C R and £ € M. Suppose there exists open intervals I for k € N
such that m(E N 1) > 2m(1). Prove that m (ENUp; Ix) = m (Upey Ik)-

It sufffices to show that for all n > 1, m(ENU;_; Ir) > +m(U;_, Ix) because if so, then
since E N, _, Ix and J;_, Iy are both increasing, we can take limit on both sides and the desire
inequality holds. First, for each k = 1,...,n, check if there exists k' £ k, k¥’ = 1,...,n such that
I C Ij. If yes, then delete I/, and finally we will obtain a subcollection of open intervals. After

relabeling, we obtain {I; }7, with m <n and J;_, Ir = U, Ix

Furthermore, consider if there exists distinct index j, k,l = 1,...,m such that I; NI, N[} # @,
then I;UI,UI; is an open interval (a, b). If we denote I; = (a;,b;), I = (ax,bx) and I; = (a;, b;), then
a;, ap, a; must be distinct and so are b;, by, b; (if two of them are equal, then one interval is contained
in another, which is impossible since we have already delete the smaller one in the previous step).
Therefore, a,b come from two different intervals and the third interval is contained in the union of
those two intervals, so we can delete the third interval without changing I; U I;; U I;. Therefore, we
can finally obtain a further subcollection of open intervals. After relabeling, we can obtain {I}7_;
with p < m and ;" I, = Uj_, Ir-Thus, it suffices to show m (ENU,_, I) > sm (U} _, Ir).-

Notice that for this new subcollection {I} }7_,, if we denote I} = (ay, by), then WLOG, we can
assume a1 < ag < --- < a, and by < by < --- < b,. Furthermore, ay4o > by forall k =1,...,p—2.
Thus, an essential observation is that each I can only have nonempty intersection with I}, _; and I,
and it will not intersect with Iy, ..., Ix_2, Ix1o,...,,. Then denote I} ; = I, N I; for all k£ # j and
also denote Jy, = I\ (U?ik’ =1 Ik.,j) Then we can see that U} _, I = (Uj_, Ji)U ( i;éj, k=1 Ilw‘)'
The most important thing is that all I;, ; and Jj, are all pairwise dlSJOlIlt. Therefore, we can conclude

m (Emgfk> =2m KngmE> U (,gjjk’ijﬂ

p p
=2 m(hNE)+2 > m(l,;NE)
k=1 k4, k,j=1

:zp:m[kmE zp: (I) > m<01k>

Therefore, 2m (ENU;_, 1) > 2m (U;_, 1) implies that m (E N Uy_, Ix) > sm (U, k).



