MAT3220: Operation Research

Homework 4

24 i (116010114)

Due date: March 28, 12 p.m., 2019

Problem 1. Consider the problem of projecting a given point ¥ € R” onto an ellipsoid,

(P) min |7 - 73

s.t. Zn:bzxf <1
i=1

where b; > 0 for i = 1,2,...,n, and U is outside the ellipsoid, that is, > ;" bjz? > 1.

(a) Derive the KKT optimality condition for (P).

The Lagrangian function is defined by

L(Z0) = |7 = T3 + A (Z bz — 1>

i=1

where A > 0. For simplicity, define

7TDT = Z byx?,  where D = diag (by,...,b,)
i=1
Thus, the KKT condition is
ZTDT <1, A>0, A(Z™DT—-1)=0, T—-T+ADT =0

or equivalently,

D bl <1, A>0, A(Zbﬂ:?—l)zo, T — v + A\ =0, Vi=1,...
=1 =1

(b) Derive the Lagrangian dual problem of (P).
First, we derive the dual function. By definition,

d(\) = min L(7;\)
Notice that D > 0, and we have

L(Z;N) =251+ AD)Z - 20727 + |72 — A



Since A > 0, we know (I + AD) = 0, and the function L(7;)) is convex with respect to 7.
According to first order sufficient and necessary condition, the global minimum point 2Z* is
the point satisfying

VeL(Z5\) =0 =2 - T +ADT* =0
Thus, we can solve the optimal point in closed form, i.e., 7* = (I+AD)~'¥. Also, the explicit

form of Lagrangian dual function is

2
Ui

A0 =~ T AD) T 4 [T A= - D0 ol A Y2
=1 """ i=1

Therefore, the Lagrangian dual problem of (P) is

2
4

max _;/\bi+1_/\+;v?

st. A>0

(c) Describe a way to solve (P).

Notice that the Lagrangian dual problem is strictly concave and smooth, so it must attain
unique global optimal at the point A* which satisfies first order necessary (and sufficient)

condition, i.e.,
n

> i =
* 1. 2
— (Ab; + 1)
The function on the left hand side is strictly decreasing for A > 0, and

n bﬂ]? B n ) . B
fQ) = ;m7 f(0) = ;bﬂ% > 1, Ah_{rolof(/\) =0

Hence, f(A) = 1 has unique solution for A > 0. In this case, Newton method’s can be applied

to solve it very efficiently and stably (convergence is ensured by any initial point A > 0 because
of the convexity of f(\), and f'(\) # 0).

Problem 2. Consider the following spectrum management problem. Suppose that there are n

frequency tones available for the use of communication. The background noises are assumed to be

additive Gaussian, and the noise at tone i is o; > 0,7 =1,2,...,n. Suppose that the user wishes to

find an allocation of his/her communication powers over the n frequency tones, and denote x; to be

the power allocated to tone i, i =1,2,...,n. According to the information theory, the information

rate on frequency tone i is In(1 4 x;/0y), i = 1,2,...,n. Therefore, the total information rate is

> In(1+ z;/0;). The problem of maximizing the total information rate is to find the optimal

power allocation xy, xs,...,x, for the following optimization problem

>\ - Li
(SMP) max f(x);ln<l+ai>

i=1

z;>0,1=1,2,...,n



where 0; > 0,7 =1,2,...,n, and P > 0 are the parameters of this model, and n is the dimension
of the model. Solve (SMP) using the KKT optimality condition.

The Lagrange function is defined as
R I (T )Y ) SERYA I o YE
where \, \; > 0 for all i = 1,...,n. The KKT condition of SMP is

xp >0, Y @i <P A0, A20, Naj=0Vi=1...n

%
i=1

" 1
A(sz—P)zO, — A=\ =0,Yi=1,...,n
i=1 gi T

Eliminate \;, we obtain

1
o; + T}

x; >0, > xf <P, A>20, >

i=1

1 n
A — =0, A i—P| =0
( 0'¢+11?f>xl 7 (;ml )

Since o; > 0,27 > 0, we have A > —— > 0, and hence Z?:l x; = P. Therefore, the KKT

oitx;

condition is simplied into

- 1 1
r20, Yai=P A2 P *_
= S < a¢+mr>xl

i=1

If A < Ui then z7 > 0, because if not, then =} = 0 implies A > Ui which is a contradiction.

2
7

1 * 1
Therefore, A = o and r; = ¥ — 0;.
IfA> U%, then z7 = 0, because if not, 7 > 0, then A > ﬁlmlﬂ but ()\ - Uiﬁ) x; = 0, so again

contradiction shows that z; = 0.

More compactly, we can write z; = max{0,\"* — o;}. Subsititute z into > zf = P, we

finally obtain
ZmaX{O, ANt—o}=P
i=1

Notice that on the left hand side is a piecewise linear increasing function with respect to A=!, so

the equation is easy to solve and has unique solution. After we solve A\, we can solve x}.
Problem 3. Let X be a closed convex set. Suppose that ¥ ¢ X. Denote the projection of ¥ on X
to be [VU]x, which is essentially the optimal solution of the following problem,

min |7 - 73

st. TEX

Suppose that ¥, U9 are two arbitrary points that are not in X. Prove the non-expansiveness

property of the projection operation

[[T1]x = [Talall, < 171 = T2



Since the projection problem is convex, the necessary and sufficient optimality condtion of it is
VIZHYNZ -T)>0= (- (T -7 >0, VZec&x
Therefore, for the projection of any points ¥'; and ¥, we have
(T1 = [T1a) (T = [T1]a) 0= (V1 = [T1]a) ([Tl — [T1]x) <0

(T2 — [To]a) " (T — [To)x) 0= (V2 — [Vo)a) " ([T1]ax — [V2)x) <0

< |W1)x — [71'2}2(H2||71 — Va2

Indeed, the left hand side is just ||[T1]x — [T2]x| ;, and we obtain

[Tila — [Talx|], < |7T1— 22
2



