MAT3220: Operation Research

Homework 8

24 i (116010114)

Due date: April 30, 12 p.m., 2019

Problem 1. Show that the following compressive sensing model

sit. AT = b

can be modeled as a linear programming problem.

Since | Z ||y = >°1, |zi|, let |z;| =¢; for all i = 1,...,n, then we have
win Dt
i=1
st. AT =b

which can be further relaxed into
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Problem 2.

o Derive the KKT optimality condition for the following SVM (Support Vector Machine) model



(you don’t need to solve it),
min o ||@|*

st. W¥Z, —b>1,iel

W, -b<1,j€J

First, we write down the Lagrangian function,

L(Xi, A fIIwH2+Z>\ BB b1+ Y NETT -b-1)

iel jeJ

The KKT condition says that there exists w*, b*, A} and Aj (for i € 1,5 € J) such that
P AT =N Y=Y
j€J i€l i€l j€J
N(=ZTw +b0"—1)=0, X(ZTw*—b*"—1)=0, VieljelJ

Al >0, A;>0, Viel,jeld

TIW b >1,Viel, Ziw b <1, VjelJ

e Prove that the logistic regression function
m
b) = Zln (1+ exp(—s;(W"Z; — b))
i=1

is convex, where 77;’s are the given data vectors to learn, and s; € {—1,+1} are the given

identifiers. (In other words, the variables are (W, b).)

To prove F is convex with respect to (w0, b), it suffices to show that for any i = 1,...,m,
f(@,0) =In (14 exp(—s;(W"Z; — b))
is convex in (w,b). Let g(x) : R R defined by g(x) = In (1 4 e*), then it is easy to show

that g(x) is convex, since ¢'(z) = £+, and ¢"(z) = (1+e1 7z > 0.

Next, let h;(W,b) = —s;(W*Z; — b), we claim that h(w,b) is linear function, i.e., for any
p,q €R, W, W’ and b, b, we have
h(p(@,b) + q(@', V) = h(pW + g, pb + qb')
= —si((p@ + q@")"T; — (pb+ qb))
= pl—s)(@"T; = b)] + q[ (0T = )]
= ph(@,b) + qh(W',b")

Finally, we prove that the composite function of convex function and linear function is still

convex. Let ¢ : R — R be convex, and 1 : R” — R is linear, then

ST + (1= N)7)) = ¢(M(T) + (1 = Nv(¥))
< AP(W(T)) + (1= X (¥(¥))



which means the composite of them is convex, therefore, f(w,b) = g(h;(1,b)) is convex, and

this further implies that F'(w0, ) is convex because the sum of convex function is also convex.



