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Homework 9
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Due date: May 8, 12 p.m., 2019

Problem 1. Show that the shrinkage operator solving
Ta(¥) = argmin {| 7= 7|* + 20 71}
can be given explicitly as

7;(?) = (|vl| *Q)+'Sig1’l(1}i), i:1727"'7n

Suppose the optimal solution
7 = argmin {[| 7= V[|* + 20| 2|, }
Then the i-th entry of it x; is given by
x = argn;i_n{(a:i —v;)? + 2alz;|}

If z; > 0, then we need to minimize g;(x) = (x;—v;)?+2ax;. Take derivative g/(x) = 2(x; —v;)+2a =
0, we have z; = v; — . Thus if v; — @ > 0, then =} = v; — a; otherwise, ;] = 0. Compactly,
x; = max{v; — ,0}. Similarly, if z; < 0, then we need to minimize h;(x) = (x; — v;)? — 2ax;. Take
derivative hl(x) = 2(z; — v;) — 2a = 0, we have z; = v; + a. Thus, if v, + @ < 0, 27 = v; + «;

otherwise, z7 = 0. Compactly, ¥ = min{v; + a,0} = — max{—v; — «, 0}.

Also notice that since a« > 0, when x; > 0, if v; — a > 0, we have v; > 0, and thus, z] =

max{|v;| — «,0} = (|vi| — )4 - sign(v;). Similarly, when z; < 0, if —v; —a > 0, v; < 0, and thus,

z} = —max{|v;| — o,0} = (|Jv;] — )4 - sign(v;). In conclusion, under any circumstances, we have
7 = (Jvi| — )y -sign(v;), i=1,2,...,n

Problem 2. The Bregman distance is defined as
B(Y,7)=2(¥) - ®(7) - VO(Z)" (¥ - 7)

o Let ®(7) be a smooth and strongly convex function defined in the whole of R™, i.e. there is
o > 0 such that
[Ve(T) — Vo))" (T - ¥) = 20]| 77



for all 7,y € R™. Prove: B(y, @) > o||y—7|*

By Taylor’s Theorem, we have

(F) = (F) + VT (T~ F) + 57— F) Ha( )T~ 7)

—

where ? is some point between 7 and 7/, Hg denotes the Hessian of ®. By definition of
B(Y,7), to prove B(Y,7) > o||y—7|?* is equivalent to prove (¢ — ?c')TH(p(?)(@> - 7) >
207 T2

Apply Mean Value Theorem to V®(y), we have
Ve(y) = Ve(Z) + Ha () (Y — )
Therefore, multiply (7 — @) on both sides of the equation, we have

V&(T) — Vo(Z)"(T - Z) = (T - D) Ho(E)(T — ) > 20|| 7T

Thus, we have proved what we need, and this implies that B(y, Z) > o/ v —7Z||*.

>
T

Suppose ®(7) = || Z||>. What is the corresponding Bregman distance B(Y, @) on R™?

Substitute ¢(7) = || 7||* into the formula of B(%, ), we have
B(Y,7)=e(Y) - &(7) - Ve()" (¥ - 7)
=7I* = IZ]* - 277 (¥ - @)
= |71+ 12 - 2277 = |7 - 7P
Therefore, the corresponding Bregman distance is just Lo-norm on R™.

Suppose ®(7) = >, x;Inz;. What is the corresponding Bregman distance B(Y,7) on
R7,?

Substitute ¢(77) = 7T In 77 into the formula of B(¥, 77), we have € is all one vector.

B(Y,7) = ®(y) - o(7) - Ve(Z) (¥ - 7)

Therefore, the corresponding Bregman distance is the generalized Kullback-Leibler divergence.



