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Problem 8.2-6. Define T : [* — [ by Tz = y = (1;), where 2 = (&;) and n; = > o, o,
> i1 2t lajkl* < 0o, Show that T'is compact.

Define Ty : 1> — 1? by Tyx = (n1,...,nn,0,...), where n; = > 7" a;xy. It is easy to see Ty
is linear. It is also compact because [? is Banach, and Im(Ty) is a finite dimensional vector space,

hence Banach. Then the compactness of Ty follows from Example 1 in lecture. Consider
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where M; — Osince 3377 7,7 |ajx|* < oo. Therefore, | Ty —T|| < M; — 0, which means Ty — 7.

By Theorem 8.1-5 in textbook, the limiting operator of Ty, i.e., T is also compact.

Problem 8.2-8. Does there exist a surjective compact linear operator T : [*° +— [*°7

No, actually there does not exist any surjective compact linear operator that maps from Banach
space into any infinite dimensional Banach space. Suppose there exists, then by open mapping
theorem, 7" must map a open set U to open set V. However, if T is compact, then V must be
precompact set in [°°. We need to prove that there does not exist precompact open set in any

infinite dimensional normed space (I is an example of infinite dimensional Banach space).

For any open set V' in [*°, it contains an open ball B(zq;r) for o € V. Take e; € [* with
ller]] = 1. By Riesz Lemma with M = span{e; } (which is closed) and 6 = 1/2, there exists ey such
that [le1]| = 1 and |lex — e1]] > 1/2. Continue this process, we obtain {e;}32, C B(0;1) such that
lles —ejll > 1/2 for all @ # j. Therefore, let u; = x + 5e;, then {u;}72; C B(xo;7) is a bounded

sequence in X but has no convergent subsequence. This shows B(xg;) is not precompact.

Problem 8.2-9. If T € B(X,Y) is not compact, can the restriction of 7' to an infinite dimensional

subspace of X be compact?

If T is not compact in B(X,Y’), then the restriction of 7" to an infinite dimensional subspace
M of X can be compact, but there does not always exist such M that the restriction of 7" on M is

compact.

To see T‘ can be compact, consider T : [* — [? defined by T'(z1, ..., xp,...) = (21,0,23,0,...).
M

Then T is obviously linear and bounded. T is not compact, because consider T : [> — S where



S = {(z;)32, € I*|xy; = 0,Vj > 1} (note that S is a closed subspace of I*, hence Banach), then
T is surjective hence not compact by last problem, i.e., there exists bounded z(™ € [? such that
Tx(™ € 8 does not have any convergent subsequence. Therefore, for T : 1> — [, use the same z(",
Tz still has no convergent subsequence. This shows that 7" is not compact. However, if we take
M = {(x;)52, € I?|2z95_1 = 0,Yj > 1}, then T‘M : M + [? maps all x € [ to 02, so it must be

compact.

To see not all T' can have some M such that T’ is compact, consider T : 2 + [? as Tx = x
M
for x € [?>. No matter what M you choose, as long as it is a infinite dimensional vector space,

T| : M — I? can not be compact because T‘ : M — M must be an open mapping, hence not
M M

: M — 12 is still not compact.

compact, but in fact 7’| will map any element into M, so T‘
M M

Problem 8.2-10. Let (\,,) be a sequence of scalars such that A\, — 0 as n — co. Define T : [? — [?
by Tx =y = (n;) where z = (§;) and n; = \;&;. Show that T' is compact.

Consider Ty : [2 + 12 defined by Tnz = (M&1, ..., AnénN,0,...). Then Ty is compact for all
fixed N. This is because dim(Im(7y)) < oo, thus Banach, and [? is also Banach. Since \; — 0, we

have
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Therefore, we conclude that [Ty —T'|| < sup;s 4 |Aj|- Therefore, take N — oo, we have Ty — T
By Theorem 8.1-5 in textbook, the limiting operator of compact operators are still compact operator,

T is also compact.

Extra Problem 1. Let X and Y be Banach with dimX < oo; let T : X — Y be linear and

bounded. Prove that T is compact.

Take any bounded sequence z,, € X, since dim(X) < oo, by Bolzano-Weierstrass there exists a
subsequence of z,, i.e., x,, — x € X. Since T is linear and bounded, hence Lipschitz continuous,

so Tz, — Tx €Y. Therefore, T' is compact.

Extra Problem 2. Let X be Banach space with dim X = oo. Prove that if T : X — X is compact,
then 0 € o(T).

Suppose 0 ¢ o(T), then —T is bijective. Thus, T is bijective and in particular surjective from
X to X. If T is compact, then we have a surjective linear operator maps from Banach space into

infinite dimensional Banach space, which contradicts Problem 8.2-8. Thus, 0 € o(T).

Extra Problem 3. Let X and Y be Banach, and K : X — Y be compact. Prove that if z, — 2o
in X, then Kz,, -+ Kz strongly in Y.

We first claim that if every subsequence of a sequence {z,,} C X has a convergent subsequence

that converges to z, then this sequence {z,} converges to z. Assume this is true, then for any



f*eY, f*oTis a linear functional on X, so f* o T(x,) — f* o T(x). This is equivalent to
say f*(Txz,) — f*(Txz), therefore, Tz, —» Tx. Since each subsequence wx,, of z, is bounded,
by compactness of T, there exists a further subsequence z,, = such that Tz,, ~—— y,,. Then
Ty, R Yn,,, but since Tz, 5 T, Ty, ~ Tz. By uniqueness of weak convergence limit, we
have T'v = y,,, . Thus each subsequence of T'z,, has a further subsequence that converges to 7'z, this

implies that Tz,, — Tx.

To prove the claim, suppose x,, /4 x, then there exists a subsequence x,, of x, such that
|zn, — x| > e. This is because if such subsequence does not exist, then it means all but finitely
many x,, satisfies ||z, — z|| < ¢, and thus z,, — z. However, if so, then z,,, as a subsequence of xz,,

contains no further subsequence that converges to x, which leads to contradiction.

Extra Problem 4. Let X be Banach and M be a closed subspace of X. Suppose K : X — X is
compact with K (M) C M. Prove that K : 2 € X \ M — Kz € X \ M is compact.

For bounded sequence &, € X \ M, there exists y,, such that ||z, +y,| < 2inf,cr |z, +y|| < oo.
Let z, = =, + y,, then z, is bounded in X. Therefore by compactness of K, there exists a
subsequence z,, such that Kz,, — = € X. Consider
ﬂ—H — inf | Kz, — <Kz, —
|Fee ]|, = b1, 24yl < Kz, — ] =0
Therefore, we have fx?k = fxn\k + fy: = I?z:c — & since Ky, € M for y,, € M. Therefore,

there exists subsequence %, of &, such that K Tn, = @ — 2,,. This implies that K is compact.

Extra Problem 5. Let X,Y,Z be Banach, X C Y C Z. Prove that if X — Y is compact and
Y < Z is continuous, then Ve > 0, there exists C. > 0 such that ||z|y < €||z|x + Ce|z|z for all
x € X. (Hint: Prove by contradiction)

Suppose not true, then we can find a fixed € > 0 such that for all n > 1, there exists z,, € X

such that ||z,|ly > €||z,|x + n||z,| z, which implies ||y,|y > € + n||yn| 2z, for y, = where

Tn
llynllx = 1. Denote I : X — Y as the embedded identity map for X — Y, and J : YH '—>”XZ as the
embedded identity map for Y — Z. Since y, € X is a bounded sequence, by compactness of I,
there exists a subsequence y,,, such that I(y,, ) converges to y in Y, i.e., ||yn, —ylly — 0 as k — oo.
Since J is continuous, it is bounded, i.e., ||J(u)|z < c||u||y for all u € Y and some constant ¢ > 0.

Therefore, we have

1yne = yllz = 1T (yni) = T W)z < cllyn, —ylly =0

Therefore, take limit on both sides of ||y,, ||y > € + ni||yn, ||z, we obtain [ly|y > €+ oo - ||y 2.
Since y is bounded, if ||y||z > 0, then ||y|ly > oo, contradiction. This implies that y = 0, then
we will have 0 > ¢, which is a contradiction. Therefore, Ve > 0, there exists C. > 0 such that
lz|ly <e€llz|lx + Ccllz||z for all x € X.

Extra Problem 6. Let X and Y be Banach; let T': X +— Y be bounded; K : X — Y be compact,
with R(T) C R(K). Prove T is compact.



Define K : X \W(K) — R(K) by K(x + N(K)) = Kx. K is well-defined. K is linear. By the
same method as Extra Problem 4 to show that K is compact. In addition, K is bijective. For each
fixed x € X, since R(T') C R(K), we can consider T : X ~— R(K), then the equation Tz = Ky has
unique solution y € X \ N(K). There exists A : X — X \ N(K) such that Az =y and A is linear
and closed. By closed graph theorem, A is bounded. Therefore, we can conclude that 7' = K A, but

K is compact and A is bounded, so T is compact.

To prove K is well-defined, consider &, = &, € X \ N(K), then z; — 25 € N(K), which means
K(x, — 13) = Oy, ie.,, Koy, = Kxy, so K is well-defined.

To prove K is linear, consider 2, %, € X \ N(K) and scalar a, b, we have
K(a.’%l + bi’z) = K(ax1 + bSCQ) = aKx1 + bKLL'Q = G,K(.’)Afl) + bK(i’g)

Thus, K is linear.

To prove K is compact, For bounded sequence #,, € X \ N(K), there exists y, € N (K) such
that ||z, +y, | < 2inf ey k) ||zn +yl| < co. Let 2z, = x, +y,, then z, is bounded in X. Therefore by
compactness of K, there exists a subsequence z,, such that Kz,, — u € R(K). Then it is obvious
that K(2,,) — u. This implies that K is compact. Since K is compact, it must be bounded.

To prove K is surjective, take any y = Kx, we can find K(x + N (K)) = Kz = y, thus it is
surjective. To prove K is injective, let Kz = Oy, then « € N'(K), which means # = 0x\x(x). Thus,
it is injective.

To prove A is linear, consider any x1,z9 € X and scalar a,b, denote Ax; = y; and Axy =
Yo, then since Tz, = Ky, and Tay = Kyo, we have T(ax, + bxs) = K(ay; + bys). Therefore,
A(axy + bxy) = ayy + bys = aAx, + bAxs by uniqueness of solution. This implies that A is linear.

To prove A is closed, suppose x,, — To and ¥y, = Az, — Yoo. Since Tz, = Ky, Txoo = KYoo,
we have AZ., = Yoo, 50 A is closed. Notice that K is bounded, so K is closed, and N'(K) C X is
closed. This together with previous HW, we can see X \ N(K) is Banach.



