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Problem 4.8-1. If z,, € Ca,b] and z,, = = € C[a,b], show that (z,) is pointwise convergent on
[a, b], that is, (z,(t)) converges for every t € [a,b].

For each fixed t € [a, b], define f;(x) = x(t) for all € Cla,b]. Then, f;(x) is linear because for

all scalar a,b and y € Cla, b], we have

filax + by) = (az + by)(t) = ax(t) + by(t) = afi(x) + bfi(y)

fe(z) is bounded because ||lz|| = sup;er, 5 |2(t)], and || fo|| = supj, = |2(t)] = 1. Since z,, — z, we
have lim,, o fi(z,) — fi(z) for each fixed t, i.e., lim, o x,(t) — 2(¢t). This implies that (z, (%))

converges for every t € [a, b].

Problem 4.8-8. A weak Cauchy sequence in a real or complex normed space X is a sequence (x,,)
in X such that for every f € X’ the sequence (f(x,)) is Cauchy in R or C, respectively. Show that

a weak Cauchy sequence is bounded.

Since (f(z,)) is Cauchy, f(z,) must be convergent, and hence bounded, i.e., sup,, | f(z,)| < oo
for all f. Since f(z,) = Cx,(f) for all f, where C' is the Canonical map, we can see sup,, |Cz,(f)] <
oo. Since X* is Banach space, by Banach-Steinhauss, sup,|Cz,| < oco. Since C is isometric

mapping, sup, ||z,| < oo, i.e., =, is bounded.

Extra Problem 1. Let H be Hilbert.

(i) Suppose H is also separable, then z,, = 2, as n — oo if and only if ||z, is bounded over

n € Nt and (x,,ex) g — (Too, €x) g as n — oo, for all k > 1.

For “only if” part, that weak convergence implies bounded has been proved in lecture; by Riesz
representation, there exists f., € H* such that (z,,ex)ny = (fer,Tn)u+n and (T, )y =
(fer> Too) = . By weak convergence, (fe,,Tn)m+. g — (fer,Too) = m. Therefore, we can con-
clude that (x,,ex) g — (Too, )y for all k > 1.

For “if” part, since all f € H* can be represented by (-, z)y for unique z € H, we only need
to prove for all z € H, (¥, 2)y — (Too,2)u. Write z = > be;, where b; = (z,€;) . This
implies that
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Since (Tn,ex)n — (Too,ex)n for all k, an, — a, pointwise for any fixed n, where a,, =

(Too, 2111 biei) ;- Now consider
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We can conclude that a,,,, — a,, uniformly on m. Thus, by Theorem 7.11 in Rudin’s book, we

can exchange the order of limit, i.e.,

(oo, 2y = lim lim apy, = lim lim ay,, = lim (z,,2)y
m—00 N—r00 n—oo Mm—0o0 n—o0

Therefore, we proved that (r,,2)y — (Zo,2)y for all z, and this implies that z,, is weakly

convergent to r.

(ii) z, — 2o if and only if x, % To and ||z, || = ||Too|| as 7 — co.

The “only if” part is trivial, because strong convergence implies weak convergence and norm

convergence.

For the “if” part, since ,, — 2., by Riesz representation, (z,,,2) g — (a0, 2)p for all z € H.

Take z = x4, then we have (x,, o)y — (Too, Too) - Notice that

”xn - ‘TOOHQ = |<xn,xn>H - <xnax00>H - <‘T007$n>H + <x00ax00>H|
= |(<mmxn>H - <x0075500>H) - (<xmxoc>H - <x0075500>H) - (<xoov'75n>H - <x0075’500>H)|

S |<xn)xn>H - <$w7xoo>H| + |<$na‘roo>H - <xooaxoo>H‘ + |<xooa$n>H - <xooaxoo>H|
Since ||z, || = ||zcol|, we have (x,, 2n) g — (Too, Too)mr. Furthermore,
|<xnvx00>H - <x0073300>H| = |<x00axn>H - <-T0073700>H|

Therefore, |2, — Tool|? < {Xn, Tn) i — (Toos Too) H| + 2/{Tn, Too) i — (Toos Too)rr| — 0. We can

conclude that ||z, — 2| — 0, thus z,, = 2.

(iii) If Zr, 5 Too, Y — Yoo aS 1 — 00, then (T, Yn)i — (Too, Yoo) i aS N — 00.

Again, by Riesz representation, weak convergence of z, to x. implies that (x,,Ye)g —

(Toor Yoo)m- Notice that

|<xn,yn>H - <xooayoo>H| S ‘<xnayn>H - <xnuyoo>H| + ‘<xnayoo>H - <xooayoo>H|

< HanHyn - yOOH + |<xnay0<>>H - <xoovyoo>H|

Since 7, — T, ||| is bounded, and ¥, — Yoo implies ||y, — Yool — 0, we conclude that

<$n7yn>H — <xoov yoo>H



Extra Problem 2. Let K be a closed convex subset of a real normed space X.

Ext
that

(i) Prove that K is weakly closed, i.e., if {2,}°°, C K and z, — 2., in X as n — oo, then
To € K.

Suppose {z,}>2, C K, but z,, ¢ K, then since K is convex and closed, by Ascoli Theo-
rem, there exists f € X* such that f(z,) < ¢ < f(z) for all n. By weak convergence,
lim,, o0 f(2,) = f(Zx0), SO We Obtain f(zs) < ¢ < f(zs) by taking limit on both sides, but it
is impossible that f(zs) < f(2), so contradiction shows that z., € K. Hence, K is weakly

closed.

(ii) Prove that if , — x¢, then zy € span(x,). Also show that any closed subspace Y of a

normed space X contains the limits of all weakly convergent sequences of its elements.

Since m is closed, and it is also a subspace of X (the closure of a subspace is also
subspace), since any subspace of X is convex, it is closed and convex. Then by (i), if x,, =z,
xo € span(z,).

Again, since any subspace Y of X must be convex, and in addition, it is closed, so by (i), it is

weakly closed, i.e., any weakly convergent sequence of ¥ must weakly converge to a point in
Y.

(iii) If (x,) is a weakly convergent sequence in X, say, x,, — o, show that there is a sequence

(ym) of linear combinations of elements of (x,,) which converges strongly to .

By (ii), #, — x implies oy € span(x,,), this implies that there exists a sequence ¥,, € span(z,,),
and y, — xo strongly. However, y, € span(x,) just means y, is a linear combinations of

elements of (z,,), so the proof is finished.
ra Problem 3. Let K and X be given in last problem, Assume that X is also reflexive. Prove

(i) Yyo € X \ K, Jxo € K such that ||zg — yo|| = dist(yo, K).

Let dist(yo, K) = ¢ be a constant. By definition of distance, there exists z,, € K such that
|z —yo|| — ¢. Tt is obvious that ||z, is bounded, and X is reflexive, then by Banach-Eberlein
Theorem, z, — 2o € K. Now we claim that [|yo — 2 || = ¢, i-e., 2 is the required zo in the

question.

Since o, € K, ¢ = infaei||yo — 2| < |lyo — Zo||, SO we only need to show ||yo — 2| < c.

Recall application 2 of Hahn-Banach in lecture,

[Zoo —%oll =  sup  [f(e —wo)| = sup | lim f(z, —yo)]
Ifll=1,fex~ IflI=1,fex m—=>o°
= sup lim |f(x, —yo)| < sup lim ||z, — yol|
llf=1,fex ™+ Il fll=1,feX* "0
= lim |z, —yol| = ¢
n— oo

Therefore, we can conclude that ||yg — z|| = c.



(ii) Assume also that K is bounded. Prove that V f € X*, f attains its maximum and minimum

over K.

Let A={f(z)|z € K}, then A C R and A is bounded because f is linear bounded function,
so it maps bounded set to bounded set. Then A has supremum c¢ and infimum d. Then there
exists x,,y, € K such that f(z,) = ¢ and f(y,) — d. Also, x,,y, are bounded, by Banach-
Elberlein again, x, — ro and y, — Y. Since K is weakly closed, T, Yoo € K. Therefore,

f(z,) = f(roo) = cand f(yn) = f(yso) = d, so f attains its maximum and minimum over K.

Extra Problem 4. Prove that z;, — x, in I' implies strong convergence xj, — T, as k — 00.

Suppose Y = T — Too, then yp — 0. Assume z; /4 Too, then y, 4 0 and so there exists a
subsequence of y, i.e., yx, such that ||y, || is bounded away from zero, then there exists a constant

¢ > 0 such that ||y, || > ¢, so let z; =y, /c, ||z > 1.

Now we obtain a sequence z; such that z; — 0 and ||z;|| > 1. Since z; — 0, for all f € (I*)*,
f(z;) = f(0) = 0. Consider a sequence of f, defined by f,(2;) = 2;.,, where z;,, is the n-th entry
of z;. Such functions must be linear and bounded, so this implies that z;, — 0 as j — oo for any
fixed n.

Since z; € I', we can choose K, large enough such that Y77 . | [21,] < % Combined with
zjn — 0, we have Zi{;l |zjn] — 0as j — oo. Thus, we can find j, such that Zf;l |2j,m| < £. Since
Z;, €', we can choose Ky > K, such that 37" |2, ] < £. Continue this process, let j; = 1,
then the subsequence z;, ,, satisfies fo;”l‘l |2j,m| < § (for all m > 2) and Y07 ]z, .l < %
(for all m € N*T).

Now we define u = (uq,...,Up,...) by u, = % for K1 <n < K, (Ky=0). If 25, , =0,
then let u,, = 1. Then u € I*° (Ju,| = 1 for all n), so u can be treated as a linear and bounded
functional defined [*. By our assumption, weak convergence implies that (u,z;, )q1)-p — 0 as

m — oo. However, for all m > 2,

Km

) Km—1 [eS)
Y Zjpntin] 2| Zjpomtin| = | Y Zjomtin| = | Y Zj,ntn
n=1 n=K,,—1+1 n=1 n=K,,+1
Ko K1 [e%s}
Z E |ij,7n| - z |zj7nvn| - z |Z]m,n|
n=K,,_1+1 n=1 n=K,,+1
) Km—1 L) 1
= § |2j,0m] — 2 E |2, n| — 2 § |20 n| > 5
n=1 n=1 n=K,,+1

This implies that (u, zj, )q1)-1 7 0, contradiction implies that our assumption is wrong, i.e., such

c and z; does not exist, and y, — 0 strongly.



